E. W. PERSON, University of Utah. 

E. C. Georgetown University. 
J. H. Prrman, Swarthmore College. 

R. G. Putnam, New York University. 


Vircinta RacspALe, North Carolina College 
for Women. 

A. G. Rav, Moravian Callens. 

G. E. Raynor, Wesleyan University. 

C. J. REEs, University of Delaware. 

W. D. Reeve, Teachers College, Columbia 
University. 

L. W. Rew, Haverford College. 

C. N. REYNoLps, West Virginia University. 

J. B. Reynotps, Lehigh University. 

J. N. Rice, Catholic University. 

R. G. D. RicHarpson, Brown University. 

H. L. Rretz, University of Iowa. 

J. F. Rirt, Columbia University. 

Fannie H. Rostnson, East Orange, N. J. 

E. D. Rok, JR., Syracuse University. 

W. H. Rover, Washington University. 

R. E. Root, U. S. Naval Academy. 

J. E. Rowe, College of William and Mary. 

S. A. RowLanp, Ohio Wesleyan University. 


F. H. Sarrorp, University of Pennsylvania. 

JosepH Alfred University. 

WAYNE SENSENIG, High School, Philadelphia, Pa. 

W. A. SHEwHART, Bell Telephone Laboratories. 

J. Suet, Pennsylvania State College. 

V. Z. Saippy, Central High School, Philadelphia, 
Pa. 

L. L. StrverMAN, Dartmouth College. 

W. G. Son, Western Reserve University. 

Lao G. Smons, Hunter College. 

H. E. Staucut, University of Chicago. 

L. L. Smart, Lehigh University. 

A. W. Situ, Colgate University. 

W. M. Suita, Lafayette College. 

VirciL SNYDER, Cornell University. 

ELLEN C. Stokes, N. Y. State College for 
Teachers. 


1927] ELEVENTH ANNUAL MEETING OF THE ASSOCIATION 107 


K. D. SwartzeL, University of Pittsburgh. 
Swit, University of Vermont. 


J. D. Tamarxrn, Dartmouth College. 

Ruts Tuompson, New Jersey College for Women. 

A. A. Trtsworta, Rutgers University. 

W. A. Trtsworta, Alfred University. 

Marian M. Torrey, Goucher College. 

Brrp M. Turner, West Virginia University. 

H. W. Tyier, Massachusetts Institute of Tech- 
nology. 


H. S. Unter, Yale University. 


H. S. VANDIVER, University of Texas. 
OswaLp VEBLEN, Princeton University. 
Rozana Vivian, Wellesley College. 


HELEN M. WALKER, Teachers College, Columbia 
University. 

J. L. Watsu, Harvard University. 

J. H. M. WepDERBURN, Princeton University. 

F. M. Wea, Lehigh University. 

V. H. WELLs, Williams College. 

J. M. West, Pennsylvania State College. 

ANNA PELL WHEELER, Bryn Mawr College. 

A. MARIE WHELAN, Dominican College. 

WILLIs WHITED, Pennsylvania State Department 
of Highways. 

C. E. Wi1tpEr, Dartmouth College. 

F. B. WrittaMs, Clark University. 

F. G. WrtxtaMs, Pennsylvania State College. 

K. P. Wirt1aMs, Indiana University. 

A. H. Witson, Haverford College. 

W. WItson, Ann Arbor, Mich. 

G. Woon, Smith College. 

Emity K. Wyant, University of Missouri. 


C. H. YEATON, Oberlin College. 
J. W. Younc, Dartmouth College. 
Maset M. Youne, Wellesley College. 


This record attendance was very gratifying to your officers. It is, of course, 
inevitable that a large percentage of those present should come from the 


general vicinity of the meeting place. 


In this case about eighty-six percent 


were from points east of Ohio. However, it is intended to distribute the meeting 
places over the country as much as possible and it is especially hoped that the 
next annual meeting in Nashville, Tennessee, will have a record attendance for 


the middle west. The Philadelphia record can be beaten if all members within 
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five hundred miles of Nashville begin now to lay plans to be present at that 
meeting. 

The sessions of the American Association for the Advancement of Science 
began on Monday evening with the retiring address of the president, Doctor 
Michael I. Pupin, Professor of electro-mechanics in Columbia University, who 
spoke on “Fifty years’ progress in electrical communication.” This address 
appeared in Science for December 31, 1926. As has become customary in con- 
nection with the meetings of the American Association, numerous lectures of a 
semi-technical character and of general public interest were given during the 
week. Among them were: 


(1) A symposium on “Research, especially in colleges and professional 
schools,” arranged by Dr. Maynard M. Metcalf, of Johns Hopkins University, 
and participated in by Dr. John C. Merriam, president of the Carnegie Institu- 
tion of Washington, Dr. Florence R. Sabin, Rockefeller Institute for Medical 
Research, Professor Walter W. Cook, Yale Law School, Professor H. B. Good- 
rich of Connecticut-Wesleyan University, and Dr. Metcalf himself, the two 
latter speakers referring especially to research in colleges. 


(2) An address under the auspices of the society of Sigma Xi by Mr. Herbert 
Hoover, Secretary of Commerce, Chairman of a Board of Trustees acting under 
the National Academy of Sciences to collect a large national fund for the 
support of research in pure science. Mr. Hoover spoke on “The Nation and 
Science” and gave a most inspiring address. 


(3) A symposium on “The role of science in education” arranged by Dr. 
Otis W. Caldwell, of Lincoln School, New York City. 


(4) An address by Professor W. F. G. Swann, of Yale University, on “The 
new quantum dynamics,” delivered before the American Physical Society. 

(5S) A symposium arranged by the Engineering Section on “Contributions of 
pure science to the advancement of engineering and industry.” The sciences 
represented were: Astronomy, Biology, Chemistry, Economics, Geology, 
Mathematics, Medical Science, Physics, Psychology. The speaker for mathe- 
matics was Professor G. A. Bliss, University of Chicago. 


Full accounts of the American Association meetings and many of the 
addresses will appear in the columns of Science. 


On the program of the History of Science Society were three papers relating 
to mathematics; namely, “Colonial mathematics” by Lao G. Simons, Hunter 
College, New York, “Mathematical instruments of the colonists” by E. W. 
Schreiber, Proviso Township High School, Maywood, Illinois, and “Methods 
of teaching the history of mathematics” by Professor David Eugene Smith, 
Columbia University. 
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Professor Dunham Jackson, University of Minnesota, was chosen vice- 
president of Section A of the American Association and Professor R. C. Archi- 
bald, Brown University, was continued as secretary of the section. 

The fourth Josiah Willard Gibbs Lecture, presented under the auspices of 
the American Mathematical Society, was accorded a place on Tuesday after- 
noon as one of the public addresses. The speaker was Doctor H. B. Williams, 
Dalton Professor of Physiology in the College of Physicians and Surgeons of 
Columbia University. He spoke on “Mathematics and the biological sciences.” 
He paid a high compliment to Gibbs and gave an illuminating insight into the 
important service which mathematics can render to the biological sciences. 
There was a good attendance but such an address deserved a hearing many 
times greater. 

At the joint dinner of mathematicians held in the dining room of the Aldine 
Hotel, Professor E. V. Huntington presided and the speaking, aside from words 
of welcome by Professor Crawley, was limited to four persons, thus leaving 
ample time for informal social converse which lasted till late in the evening. 
Professor H. E. Slaught spoke on the great progress made during the past five 
years in properly financing the activities of mathematics as a whole in this 
country, and how this has been accomplished without burdensome increase in 
dues, the combined dues of the Society and the Association (ten dollars per year) 
being, in fact, considerably lower than in many other scientific organizations. 
Professor Anna Pell Wheeler spoke appropriately on behalf of the ladies. 
Professor G. D. Birkhoff spoke on the experiences of his recent sojourn in Europe 
and told some ways in which American mathematics may well profit by the 
example of European mathematics. President G. D. Olds spoke entertainingly 
of his mathematical reminiscences and, though absorbed in administrative 
duties, still wished to be considered as one of us, declaring that his greatest 
pleasure was in the companionship of his mathematical friends. 

The American Mathematical Society held its thirty-third annual meeting on 
Tuesday and Wednesday and engaged in a joint session with the Mathematical 
Association of America and Section A of the American Association on Thursday 
morning. In the separate sessions of the Society there were sixty-seven papers 
read and at the joint session there were three addresses as follows: 

1. “A mathematical critique of some physical theories,” by Professor G. D. 
BIRKHOFF, retiring president of the American Mathematical Society. 

2. “The weight field of force of the earth,” by Professor W. H. RoEveEr, of 
Washington University, retiring vice-president of Section A of the American 
Association. 

3. “The duty of exposition, with special reference to the Cauchy-Heaviside 
theorem,” by Professor F. D. MuRNAGHAN, of Johns Hopkins University, 
representing the Mathematical Association. 
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Professor Birkhoff’s address was adjudged by the committee of the American 
Association to be the most outstanding among all the papers presented at 
these meetings and he was awarded the prize of one thousand dollars. This is 
the second time since the establishment of this prize that the award has been 
made to a mathematician. 

Professor Murnaghan brought out strongly the need of intelligent and 
critical exposition, as well as of sound and scientific research. He illustrated this 
contention with keen humor and an admirable exhibition of high class exposition, 
showing, as one example, how Heaviside and others were puzzled and baffled 
over matters which Cauchy had fully set forth many years before. Professor 
Murnaghan will prepare this paper for the MonTHLY and thus give all our 
readers the benefit of enjoying it first hand. 

An abstract of Professor Roever’s paper was given in the report of Section A 
in Science for January 28. 

At the close of the joint session the following resolution was adopted by the 
combined body of mathematicians: 

That the American Mathematical Society, the Mathematical Association of 
America, and Section A of the American Association for the Advancement of 
Science, in joint meeting assembled, do hereby express their grateful ap- 
preciation of the gracious hospitality extended them by the University of 
Pennsylvania, the American Philosophical Society, the Academy of Natural 
Sciences, the Drexel Institute and the Franklin Institute, and do hereby tender 
their sincere thanks to the various local committees, sub-committees and other 
local representatives, who by their efficient and thoughtful arrangements have 
contributed greatly not only to the intellectual profit but also to the physical 
comfort of these meetings. : 


SEPARATE SESSIONS OF THE ASSOCIATION 


At the two separate sessions of the Association the following papers were 
presented: 


1. “Cauchy’s integral theorem” by Professor D. R. Curtiss, Northwestern 
University. 

2. “On various conceptions of correlation” by Professor F. M. Wermpa, 
Lehigh University. 

3. “Here and there in Europe” by Professor R. C. ARCHIBALD, Brown 
University. 

4. “The use of the trinometer in engineering and in the teaching of mathe- 
matics,” (exhibiting an instrument) by Professor J. E. Rowe, College of 
William and Mary. 

5. “Two geodesists of the eighteenth century” by Mr. W. D. LAMBERT, 
U. S. Coast and Geodetic Survey. 


Ls} 
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6. “Modern methods and results of stellar parallax investigations” by 
Professor J. H. Prrman, Swarthmore College. Illustrated by lantern slides. 

7. “The maintenance of mathematical interest” by Professor E. R. HED- 
RICK, University of California, Southern Branch. 

8. “The apportionment of representatives in congress” by Professor E. V. 
HuntTINGTON, Harvard University. 


Abstracts of these papers follow: 


1. Professor Curtiss’ paper gave an historical account of various demon 
strations of Cauchy’s integral theorem. This theorem states that if a function 
of a complex variable is single-valued and analytic throughout a connected 
region 7, then the integral of that function taken around the whole boundary is 
zero. In one form of this theorem the function is assumed to be analytic 
throughout the closed region 7; in another form this assumption applies only to 
open 7, and the function is supposed continuous in closed T. After a survey of 
the history of integration of complex functions before Cauchy, a brief account 
of Cauchy’s famous paper of 1825 was given. Its proof of the integral theorem, 
in the current style of the calculus of variations, was traced down to more 
modern forms, particularly that of Jordan. The use of Green’s lemma was 
shown to characterize another set of proofs of which Cauchy seems to have 
given the first, in 1846. A third class, containing Goursat’s proof, reduces the 
problem to the consideration of rectangles or triangles, and does not assume 
that the derivative of the integrand is continuous. 

2. One of the most important topics which can be discussed by statistical 
methods is the theory of the measure of the statistical relations between 
quantitative or qualitative modalities of two characters. If one character 
changes, does the change seem to have no influence on the changes of the other 
character? 

The theory of correlation was first developed on definite assumptions as to 
the form of the distribution of the frequency, the so-called normal distribution 
being assumed. Bravais introduced the product-sum, but not a single symbol 
for a coefficient of correlation. Galton developed the practical method, de- 
termining his coefficient—Galton’s function—graphically. Edgeworth developed 
the theoretical side further, and Pearson introduced the product-sum formula. 

In the problem of correlation, we wish to find some measure of agreement or 
disagreement between two sets of paired characters. Under this common term 
correlation, two very different meanings have frequently been considered, 
connection and concordance. Gini appears to be the first author to system- 
atically settle the theory in that he established a clear distinction between the 
different meanings of connection and concordance; he introduced a new prin- 
ciple of dissimilarity between two statistical distributions and put it as the 
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basis of the theory of statistical relations; he established a suitable measure for 
each of the different aspects according to which the quantitative or qualitative 
modalities of two characters may be presented. Gini’s researches deal with the 
quantitative or qualitative modalities of two characters, which may be dis- 
tributed according to rectilinear or disconnected series. Recently Pietra has 
completed the subject in that he deals with the dissimilarity, connection, and 
concordance between cyclical series. 

The theory of correlation that has been much applied in recent years to 
statistical data has been developed largely as an extension of error theory. 
The theory of correlation may also be developed as an integral part of the 
theory of a-priori probability. Rietz used certain Urn Schemata as a basis for 
the development of the theory of correlation. Tschuprow has made correlation 
theory an integral part of the theory of probability and has approached the 
whole subject from an a-priori point of view. 

It is the purpose of the present paper to give an exposition of (1) various 
aspects of correlation theory developed largely as an extension of error theory; 
(2) the theory of connection as developed by Gini; (3) the theory of concordance 
as developed by Gini; and (4) the theory of correlation developed by Tschuprow 
as an integral part of the theory of probability and approached from an a-priori 
point of view. : 

3. Professor Archibald reported on some of the more interesting information 
gleaned by him during a tour of five months in ten countries of Europe during 
1926. He referred particularly: to mathematics, mathematicians, and the 
Gennadius Library in Athens; to the Guggenheim and International Education 
Board Fellowships; to Bieberbach’s projected Mathematical Dictionary, and 
the possible publication of Valentin’s great mathematical Bibliography from 
the invention of printing down to 1900; to mathematicians at Prague, the 
Sokol Society, and to the extraordinary Czecho-Slovakian Mathematical 
Society with 1400 members, a splendid library, its own house and printing 
press which does a flourishing business; to Wieleitner, Pringsheim, Cara- 
theodory, Sir Thomas Heath, Klein, Enestrém, Heiberg and Mittag-Leffler. 
He related also some Hilbert stories and told of his contacts with Egyptologists 
and Babylonian scholars in preparing his Bibliography of Egyptian Mathe- 
matics which, among other things deals with a description of some fifty docu- 
ments dating from 3500 B. c. to 1000 A. pb. This Bibliography is soon to be 
published in Chancellor Chace’s work on the Rhind papyrus. 

4. Professor Rowe gave a description of the trinometer and of different 
types of the instrument, and then presented a practical demonstration of the 
solution of triangles by means of it. He then set forth the réle of the instrument 
in practical engineering and in the teaching of elementary mathematics with 
special emphasis upon the use of the trinometer as a safe and sane method of 
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shortening courses in elementary mathematics and in making it possible for the 
student who finishes his formal training with the secondary school to have a more 
comprehensive, a more thorough, and a more useful knowledge of mathematics. 

5. The two geodesists discussed in Mr. Lambert’s paper were Charles 
Mason and Jeremiah Dixon who, between 1763 and 1768, laid out the celebrated 
line bearing their names to separate the territories of Lord Baltimore from 
those of the Penn heirs. Since Delaware was a part of the Penn territory, the 
boundary between Maryland and Delaware was also a part of the line. Mason 
and Dixon were often described in the documents of the times as mathe- 
maticians, but their mathematics seems to have been entirely of a practical 
nature, as was most of the English mathematics of that time. The few bio- 
graphical data known about these men were given, also some account of the 
long chain of circumstances leading up to their employment. The level nature 
of the country along the Maryland-Delaware line and the fact that this line 
runs nearly north and south suggested that it might be advantageous to deter- 
mine the length of a degree of latitude in this region. This was done under the 
auspices of the Royal Society of London. Lengths were determined not by 
triangulation but directly. Instead of a chain, the usual surveying instrument 
of the time, so-called “levels” were used. These were wooden frames having 
a measuring rod in the top. They were laid end to end in alignment along the 
“visto” cut through the forest for the demarcation of the boundary. The 
report of this scientific part of their work is given by them in the Philosophical 
Transactions for 1768, where their work is discussed in connection with other 
measures of a degree by Mason’s friend and patron, Rev. Nevil Maskelyne, 
the Astronomer Royal. This was the first geodetic operation in America. From 
this it appears that, even then, some thought had been given to the effect of 
irregularities in deflecting the plumb line, but no systematic study was made 
until nearly a century later. Lantern slides showing some of the boundary 
monuments and otherwise illustrating the paper were shown. 

6. Professor Pitman discussed the various methods of determining the 
distances of the stars and nebulae. (1) The trigonometric method or triangula- 
tion by photography is used to determine the constants in the other methods. 
This method is practicable only for the nearer stars. (2) The spectroscopic 
method is a correlation of the-ratio of the intensities of certain pairs of lines in 
the spectrum with the absolute magnitudes. This method can be applied to 
most stars whose spectra can be photographed in a reasonable length of time. 
(3) The period luminosity law derived from the study of Cepheid variables is a 
correlation of the period of variation and the absolute magnitudes of stars. By 
means of this relationship we can reach further into space than by other methods. 

In 1910 there were 500 determinations of the distances of 365 stars and we 
knew nothing of the distances of nebulae and clusters. Since then the number 
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of stars investigated has reached 5000 and the number of determinations 
is more than 11,000. The familiar Russell diagram shows giant stars of all 
spectral classes with practically equal absolute magnitudes and a dwarf branch 
starting with the A and F stars in which the magnitude rapidly decreases as the 
stars become more red. A study of the masses of the binary systems, whether 
visual binaries, spectroscopic binaries or eclipsing variables shows that the 
very bright stars are also the most massive. In other words, the Russell dia- 
gram, which arranges the stars with respect to brightness and spectral class or 
color, is also the arrangement of stars according to mass and color. 

7. In this paper, Professor Hedrick discusses at some length the desirability 
of maintaining the interest of teachers of mathematics in their subject. It is 
emphasized that-this is absolutely essential for proper instruction in colleges. 
Among means to this end, research and publication of original papers are 
the most widely recognized. In this paper an attempt is made to extend the 
means for maintaining the interest of the individual teacher, both by increasing 
the field of recognized activities, and by increasing the range of recognized 
activities in those fields. Fields mentioned are applications to engineering, 
physics, and other sciences. Activities mentioned are lecturing, book publi- 
cation, work for organizations, and editorial work. It is urged that all these are 
necessary in the creation of a greater American school of mathematics. 

8. Interest in the problem of the apportionment of representatives in 
Congress has been revived by the recent hearings held before the. House Com- 
mittee on the Census. Professor Huntington’s paper continued his study of 
the mathematical aspects of this problem (begun in the Quarterly Publication 
of the American Statistical Association for September, 1921), and presented a 
new and exhaustive examination of the thirty-two different ways in which the 
exact equation of proportionality can be written. Only five methods of appor- 
tionment appear to be possible, among which the ‘“Method of Equal Propor- 
tions” occupies the central position. The paper contained some interesting 
new examples, showing that certain plausible tests prove to be unworkable in 
practice, because they fail to lead to a determinate result. 

Reported for the Secretary by H. E. Slaught. 


MEETINGS OF THE BOARD OF TRUSTEES 


Ten members of the Board of Trustees were present at the various sessions. 
The following fifty-seven persons and seven institutions were elected to 
membership on applications duly certified: 


To Individual Membership 
V. W. Apxisson, A. B. (Drury). Instr., Univ. of | Epita I. Atkin, A.M. (Columbia). Asst. Prof., 
Pennsylvania, Philadelphia, Pa. Ill. State Normal Univ., Normal, IIl. 
Marcaret Amic, A.M. (Wellesley). Teacher, St. C. A. Bator, M.S. (Iowa). Instr., Howard Col- 
Catherine’s School, Richmond, Va. lege, Birmingham, Ala. 
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L. S. Barnes, A.B. (Occidental). Asst., Lehigh 
Univ., Bethlehem, Pa. 

A. H. Betrer, B.S. in E.E. (Cooper Union). New 
York, N. Y. 

CuirFoRD BELL, Ph.D. (California). Instr., Univ. 
of Calif., So. Br., Los Angeles, Calif. 

Paut Borper, A.M. (Pennsylvania). Instr., 
Univ. of Del., Newark, Del. 

R. W. Botton, E.E. (Illinois). Glendale, Calif. 

Lian H. Brown, A.M. (Illinois). Teacher, 
LaSalle-Peru Twp. High School and Junior 
College, LaSalle, Ill. 

R. S. Burtncton, A.M. (Ohio State). Instr., Case 
School of Appl. Sc., Cleveland, Ohio. 

ELIZABETH CARLSON, Ph.D. (Minnesota). Instr., 
Univ. of Minnesota. 

R. W. E. CAruTHERS, B.S. in E.E. (Miss. A. and 
M.). General Electric Co., Schenectady, N. Y. 

SisTER Marta Corona, M.S. (Notre Dame). 
Teacher, Mt. St. Joseph Coll., Mount St. 
Joseph, Ohio. 

E. A. Cummincs, A.M. (Chicago). Teacher, North 
High School, Denver, Colo. 

JEANNETTE G. Daso tt, A.B. (Mount Holyoke). 
Teacher, Northfield Seminary, East North- 
field, Mass. 

ANNIE W. Doucaty, A.M. (Radcliffe). Teacher, 
Dana Hall School, Wellesley, Mass. 

Frances G. Fenton, A.B. (Denver Univ.). 


Teacher, Acctg. and Bkpg., North High 


School, Denver, Colo. 

EpWARD FLEISHER, M.S. (New York Univ.). 
Asst. Prof., Coll. of the City of N. Y., 
Brooklyn Branch, Brooklyn, N. Y. 

C. R. Gattoway, B.M.E. (Kentucky). Prof., 
Idaho Tech. Inst., Pocatello, Idaho. 

J. A. Garprner, A.B. (Penn. State). Instr., 
Howard High School, Wilmington, Del. 

C. A. Grttey, A.B. (Texas). Austin, Texas. 

MICHAEL GOLDBERG, B.S. in E.E. (Pennsylvania). 
Jr. Ord. Engr., Bureau of Ordnance, Navy 
Dept., Washington, D. C. 

R. W. Hart, A.M. (Illinois). Asso. Prof., Kansas 
State Teachers Coll., Pittsburg, Kans. 

P. R. Hitt, M.S. (Georgia). Instr., Univ. of Ga. 
Athens, Ga. 

ANNIE B. Horton, A.M. (Texas). Head of Dept., 
High School, Edinburg, Texas. 

H. M. Hosrorp, Ph.D. (Illinois). Asso. Prof., 
Southern Methodist Univ., Dallas, Texas. 

F. H. Istam, A.M. (Teachers Coll., Columbia). 
Teacher, Potsdam State Normal School, 
Potsdam, N. Y. 


E. H. Jonnson, A.B. (DePauw). Grad. Asst., - 


Lehigh Univ., Bethlehem, Pa. 

F. W. Koxomoor, Ph.D. (Michigan). Instr., 
Univ. of Mich., Ann Arbor, Mich. 

K. W. Lamson, Ph.D. (Chicago). Asst. Prof., 
Lehigh Univ., Bethlehem, Pa. 

A. F, Leary, Ed.M. (Boston College). Jr. Master, 
English High School, Boston, Mass. 

Harry Levy, Ph.D. (Princeton). National Re- 
search Fellow, Maplewood, Mass. 

ENRIQUE LINARES, Jr., B.S. in E.E. (Univ. of 
Santa Clara). Actg. Chief Engr., Central 
Board of Roads, Panama City, Republic of 
Panama. 

H. L. Lutz, A.M. (Columbia). Instr., Cooper 
Union, New York, N. Y. 

F. S. MacGrecor, A.B. (Harvard). Mgr., Text- 
book Dept., Harper & Bros., New York, N. Y. 

BroTHER Mayetta, A.M. (Catholic Univ.). 
Head of Sc. Dept., St. John’s Prep. School, 
Danvers, Mass. 

Marcaret E. Maucu, M.S. (Chicago). Instr., 
Randolph-Macon Woman’s Coll., Lynchburg, 
Va. 

H. H. MitcHE tt, Ph.D. (Princeton). Prof., Univ. 
of Pennsylvania, Philadelphia, Pa. 

Davin Moskovi7z, M.S. (Carnegie Inst. of Tech.). 
Instr., Carnegie Inst. of Tech., Pittsburgh, 
Pa. 

Marte M. Ness, A.M. (Minnesota). Research 
Associate, Univ. of Minn., Minneapolis, 
Minn. 

GreTA NEUBAUER, A.B. (Wyoming). Instr., 
Univ. of Wyo., Laramie, Wyo. 

C. H. Norpstrom, B.S. (Worcester Poly. Inst.). 
Grad. Asst., Lehigh Univ., Bethlehem, Pa. 

J. A. NyswAnDER, Ph.D. (Chicago). Asst. Prof. 
of Math., University of Michigan, Ann 
Arbor, Mich. 

C. T. OERGEL, Diploma (Drexel Evening School). 
Stud., Penn. State Coll., State College, Pa. 

J. H. Prrman, A.M. (Swarthmore). Asst. Prof., 
Math. and Astronomy, Swarthmore Coll., 
Swarthmore, Pa. 

FLORENCE ROTHERMEL, A.M. (Pennsylvania). 
Teacher, West Philadelphia High School, 
Philadelphia, Pa. 

R. E. Scammon, Ph.D. (Harvard). Professor of 
Anatomy, Univ. of Minn., Minneapolis, 
Minn. 

ELLEN C. Stokes, A.M. (Brown). Instr., N. Y. 
State Coll. for Teachers, Albany, N. Y. 
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SaraH E. Tracy, B.L. (Swarthmore). Teacher, HEINRICH WIELEITNER, Ph.D. (Munich). Direc- 

John Burroughs School, Clayton, Mo. tor, Neues Realgymnasium, Munich, Ger- 
Yetra Vetnsky, A.B. (Centenary). Instr., many. 

Centenary Coll., Shreveport, La. Frances E. WoteEveER, A.B. (Rockford). Grad. 
MrriaM WERNER, Asst. Prof., Hunter College, Student, Univ. of Ill., Urbana, II. 

New York, N. Y. C. L. Wray, A.B. (York College). Teacher, North 
PauL WERNICKE, Ph.D. (Gottingen). Patent High School, Denver, Colo. 

Examiner, U. S. Patent Office, Washington, Emity K. Wyant, A.M. (Missouri). Instr., Univ. 

Dit: of Missouri, Columbia, Mo. 


To Institutional Membership 


St. Icnatrus CoLLEGE, San Francisco, Calif. 

UNIVERSITY OF MONTREAL, Montreal, Canada. 

LovuIsIANA POLYTECHNIC INSTITUTE, Ruston, La. 

THE COLLEGE OF THE SACRED HEART, Manhattanville, New York, N. Y. 
University oF Akron, Akron, Ohio. 

HrraM Hiram, Ohio. 

Bryn Mawr Co_tecE, Bryn Mawr, Pa. 


The following were appointed associate editors of the MONTHLY for the 
year 1927: 


H. E. BucHANAN . J. ETTLINGER 

ELIZABETH CARLSON .S. . D. MURNAGHAN 
W. B. CARVER . OLSON 

OtTTo DUNKEL D. E. SMITH 


President Jackson presented for record in these minutes the following 
expression of appreciation of the able work of Professor W. B. Ford as Editor- 
in-Chief of the MonTHLY: 

In reluctantly accepting the resignation of Professor Ford as Editor-in-Chief of the MonTHLY, 
the Trustees desire to place on record their grateful appreciation of his devoted service in maintaining 
the place of the MonrHLY among the important mathematical journals of the world, in strengthening 


its scientific content, and in increasing the range and significance of its service to the membership of 
the Association. 


The Trustees unanimously approved and directed that the Secretary-Treasurer 
transmit this expression of their sentiments to Professor Ford. 

Reporting on the plan for expository lectures to be given at certain meetings 
of the Association or of its sections, President Jackson announced the appoint- 
ment of Professors Graustein, Ingraham, MacDuffee, and Slaught as members 
of the committee. It was voted that President Jackson be requested to act as 
chairman of this committee. 

Professor Young announced that the Houghton Mifflin Company had 
offered to reprint Part I and certain supplementary material of the Report of the 
National Committee on Mathematical Requirements in the Riverside Series of 
Mathematical Monographs. This monograph will contain about 200 pages and 
will probably sell for $1.20 less the regular discount to teachers. 
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Voted that the officers of the Association be authorized to sign papers 
giving the Houghton Mifflin Company the right to handle this volume without 
royalty to the Association. 

Professor Slaught reported on the activities of the Louisiana-Mississippi 
Section in cooperation with the National Council of Teachers of Mathematics 
(a secondary school organization) in creating interest in mathematics in those 
states and in promoting better understanding between high school and college 
teachers. 

In response to a letter from Professor A. A. Bennett, it was voted that the 
President should appoint a committee of three to draw up a list of suggested 
assignments in collateral reading in mathematics for freshmen and sophomore 
students in American colleges. President Jackson appointed this committee as 
follows: A. A. Bennett, chairman, R. C. Archibald, and J. A. Nyswander. 

Having consulted Professor Fort, President Jackson reported that it seemed 
best to let the work of the committee on standard departments of mathematics 
lapse and to release the committee. This action was approved. 

The Trustees voted to approve the organization of a PHILADELPHIA SECTION 
of the Association, subject to the submission of suitable by-laws, a petition to 
that effect having been sent by a meeting of thirteen members of the Asso- 
ciation. This section is intended to serve more than one hundred members living 
in the eastern part of Pennsylvania, in southern New Jersey and in Delaware, 
meetings usually being held in Philadelphia. This is the seventeenth section of 
the Association. 

The invitation from President Thomas to hold the summer meeting in 
1930 at Rutgers University and the invitation from President Davis and Pro- 
fessor Fort to hold the annual meeting in December 1928 at Hunter College 
were received and the secretary was directed to acknowledge the same with the 
thanks of the Association and to say that the decision will be made at a later 
date. 

Professor Wedderburn’s request that the Association be represented on the 
Editorial Staff of the Annals of Mathematics by two associate editors was 
favorably considered. The Trustees authorized President Ford to appoint a 
committee of three, including himself, with power to select and nominate two 
associate editors of the Annals of Mathematics. President Ford appointed 
Professors Cairns and Slaught as the other members of this committee. It 
was understood that the Annals volume will be still further enlarged and it 
was felt that our subvention to the Annals is now inadequate. The Trustees, 
therefore, voted to increase the annual subvention to $300. 

In connection with the publication by the Association of the Rhind Papyrus, 
it was voted that Professor Archibald be empowered to arrange with Chancellor 
Chace to accept a cash gift for the Association, it being understood that the 
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Association will then pay the bill for the printing. This work is to be issued 
in the name of the Association. 

The Trustees discussed the important question of having official delegates 
from the national body attend the meetings of the sections. One plan proposed 
was to have the authors of the monographs, as they are issued, give one or more 
lectures at the section meetings. The merits of the plan were obvious but the 
difficulty is in financing such a project. It was felt that the sections might 
well be expected to contribute at least a part of such expenses, but it was 
recognized that a fund for such purposes was much needed, and that the sections 
would profit greatly by expository lectures not only on the Monograph topics 
but in many other lines. The whole matter was laid over for later consideration, 
it being felt that the Association is not now justified in entering upon an ex- 
tensive program of this kind. 


Professor Archibald suggested the desirability of spending some money 
each year for binding back volumes of the exchanges and other paper-covered 
books in the Association library. Action was postponed till the next meeting. 

The financial statement for the year 1926, in the absence of Secretary 
Cairns, was presented by Professor Slaught. The report was approved, subject 
to the examination and approval of an auditing committee consisting of 
Professors W. G. Simon of Cleveland, Ohio, and F. E. Carr of Oberlin, Ohio. 


This committee is to meet in Oberlin and report at a later date. It was voted 
that Professor Simon’s expenses be paid to Oberlin. 

It was voted that Professors R. C. Archibald and Florian Cajori constitute 
a committee to cooperate with the History of Science Society in arranging for an 
exhibit and program in connection with the celebration in commemoration of 
the bicentenary of the death of Newton. 

It was the sense of the Trustees that the publication of the great mathe- 
matical bibliography of Georg Valentin, covering the period from the beginning 
of printing to 1900, would be of great value to mathematicians throughout 
the world and that such publication in America with English sub-headings 
would be very desirable if funds can be provided. 

It was voted to hold the annual meeting in December, 1928 at New York 
City, in affiliation with the American Association for the Advancement of 
Science. 

The publication of a new register early in the autumn of 1927 was authorized. 


President Ford was authorized to appoint committees on program and 
arrangements for the coming summer meeting in Madison, Wisconsin, and for 
the annual meeting in Nashville, Tennessee. 


These committees will be announced later. 
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ANNUAL BUSINESS MEETING OF THE ASSOCIATION 


Professor Slaught announced that fifty-seven individuals and seven in- 
stitutions had been elected to membership at the meeting of the Board of 
Trustees. He reported also the death of the following members: 


G. N. ARMSTRONG, Professor of applied mathemat- 
ics, Ohio Wesleyan University (January 8, 
1926). 

W. S. Bartow, Instructor in mathematics, 
Detroit Junior College (August 11, 1925). 

S. M. Barton, Professor of mathematics, The 
University of the South (January 5, 1926). 

SARAH BEALL, Mathematician, U. S. Coast and 
Geodetic Survey (February 11, 1926). 

R. D. BoHANNAN, Professor of mathematics, 
Ohio State University (June 20, 1926). 

G. W. BRINDLE, Principal of High School, Sur- 
rency, Georgia (July 1926). 

B. E. CarTER, Assistant professor of mathematics, 
Colby College (June 10, 1926). 

$. R. Cruse, Assistant professor of mathematics, 
University of Arizona (February 8, 1926). 

WaLtEeR DeEnsTON, Assistant professor of math- 
ematics, Kenyon College (April 8, 1926). 


ALBERT HeEtnz, Head of department of math- 
ematics, Tsing Hua College, Peking, China 
(June 11, 1926). 

H. A. Howe, Dean of College of Liberal Arts and 
professor of astronomy, University of Denver 
(November 2, 1926). 

E. W. Mart1n, Professor of mathematics, West- 
ern State College, Gunnison, Colorado (Sep- 
tember 8, 1926). 

GERTRUDE W. MENDENHALL, State Normal 
College, Greensboro, North Carolina (April 
15, 1926). 

G. H. Scott, Dean and professor of mathematics 
and physics, Illinois College (September 
12, 1926). 

S. G. STEIN, Muscatine, Iowa (December 3, 1926). 

C. A. WALDO, Professor emeritus of mathematics, 
Washington University (October 1, 1926). 

L. D. Wits, Teaching fellow in mathematics, 
University of Oregon (April 9, 1926). 


The election of officers for the year 1927 was conducted by mail and in 
person at this meeting, the tellers, Dr. R. W. Burgess and Professor C. N. 
Reynolds, reporting the result of the balloting as follows: 

For President: W. B. Ford, 324 votes; J. W. Young, 206 votes. 

For Vice-Presidents: C. F. Gummer, 236 votes; W. A. Hurwitz, 245 votes; 
A. J. Kempner, 284 votes; Clara E. Smith, 255 votes. 

For additional members of the Board of Trustees, to serve until January 
1930: E. T. Bell, 267 votes; A. A. Bennett, 253 votes; R. D. Carmichael, 333 
votes; A. B. Chace, 224 votes; H. J. Ettlinger, 164 votes; E. R. Hedrick, 352 
votes; Dunham Jackson, 352 votes; H. W. Kuhn, 158 votes. 

The following were accordingly declared elected: 

President: W. B. Forp, University of Michigan. 

Vice-Presidents: A. J. KEMPNER, University of Colorado; CLara E. Smiru, 


Wellesley College. 


Additional members of the Board of Trustees: E. T. BELL, California 
Institute of Technology; R. D. CarmicHAEL, University of Illinois; E. R. 
HEpRIcK, University of California, Southern Branch; DUNHAM JACKSON, Uni- 


versity of Minnesota. 


In accordance with the amended by-laws, the term of Professor Ford as 
President will be for two years. The officers appointed by the Board, namely, 
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the Secretary-Treasurer, the Librarian, the Assistant Librarian, the Assistant 
Secretary, the Editor-in-Chief, the Manager and the third member of the 
Committee on Official Journal, all hold over as for 1926, and until their success- 
ors shall be appointed. Professor W. H. Bussey, University of Minnesota, was 
elected Editor-in-Chief at the Columbus meeting, but his term of office began 


in January, 1927. 
C. H. YEATON, Assistant Secretary. 


REPORT OF THE SECRETARY-TREASURER AS TREASURER, DEc. 16, 1926. 
RECEIPTS EXPENDITURES 


Balance Dec. 17, 1925...... . $7,299.78  Publisher’s bills (Nov. ’25-Oct. ’26). . .$4,993.64 
1925 indiv. dues........ “281. 85 President’s office 15.00 
1925 instit. dues......,.. 37.50 30.76 
1926 indiv. dues........ 5,377.19 Editor-in-Chief’s office............. 533.37 
1926 instit. dues 690.70 Register... 439 . 26 
1926 subscriptions 725.97 Committee on » Membership. 19.02 
Initiation fees.......... 252.00 Secretary-Treasurer’s office: 
Sale copies of 133.76 
Sale First Carus Mon.. 130.75 Insurance back issues. . 
Sale Second Carus Mon. 905.75 MONTHLY 
For Annals subscriptions 1.50 Safety deposit......... 
Recd. for expense La.- Office supplies......... 

Miss. Section........ 18.00 Express, tel.,etc........ 
Life memb. payment... . 33.44 Clerical work 
From matured bond.... . 500.00 
Int. Oberlin Savgs. Bk.. . 130.57 Library expense........ 
Int. Peoples Bkg. Co..... 110.79 Pd. copies MONTHLY... . 
Int. Treasury Note 10.94 Kansas City meetg 108.16 
Int. Liberty Bonds...... $3.12 Columbus meeting..... 37.75 
Int. Hardy Fund Refd. subscriptions. .... 9.00 

Forwarded for subscrib- 
10,278.63 ers Monograph 


Total 1926 receipts $17,578.41 1,702.13 
Annals subvention 150.00 
Pd. Annals subscriptions. . eeOeR 4.50 
Pd. to sections from initiation fees... 133.46 
Cost of new bond 515.07 
Pd. Chauvenet Prize. . 100.00 
Pd. int. Hardy Fund re B. F. Finkel... 120.00 
Honorarium Carus Monograph 300.00 
Transferred to Monograph Fund... 600.00 
Transferred to Gen. End. Fund.. 1,000.00 
Expense acct. Carus Monographs... .. 102.10 
Delegate 50th anniv. Soc. Sc. Bruxelles 15.00 
Expense acct. Chace publication 37.44 
Pd. expense La.-Miss Sec............ 18.00 


Total expenditures $10,828.75 
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Cash on hand 

Total expenditures. . ae . 10,828.75 Checking account 

Balance to the end of 1926 Selene... . $6,749.66 Oberlin Savgs. Bk. acct.............. 
Peoples Bkg. Co. acct 

Received on 1927 business ‘ Liberty Bonds 


Book balance Dec. 16, 1926 ; Bank balance Dec. 16, 1926 


Of the funds on hand, $333.00 is held as a Life Membership Fund, repre- 
senting the liability on life memberships already paid for, as of date January 
1, 1927; $20.00 is set aside as the first installment toward the Chauvenet Prize 
Fund; $201.40 belongs to the Carus MonocrapH Fun» (not yet transferred). 
Aside from the above mentioned funds on hand, the sum of $1000, received 
in 1917 from the previous owners of the MoNnTHLY, is held in reserve (in liberty 
bonds) as the beginning of a GENERAL ENDOWMENT FUND; also the Carus 
MonocRAPH F unp, increased by sales and interest, now amounting to $2,824.42, 
is carried as a separate fund in the form of a certificate of deposit which bears 
4%, compounded quarterly. 

When the accounts were closed December 16, 1926, there remained on the 
total business for the year 1926 the following items: 

BILts RECEIVABLE BILts PAYABLE 

(partly estimated) (partly estimated) 
1926 individual dues................ ’ Publisher’s bills (Nov., Dec. ’26) $1,250.00 
— 150.00 
Other editors’ postage............... 50.00 
Committee on Membership.......... 50.00 
Secretary-Treasurer’s office.......... 450.00 
Annals subvention. . Me 150.00 
Printing annual programs, ballots, on 200.00 
Initiation fees due to sections 600.00 
Life Membership Fund.............. 333.00 
Carus Monograph Fund 201.40 


$3,514.40 
If to the balance on 1926 business shown in this report, $6,749.66, there be 
added the bills receivable, $170.00, and there be subtracted the estimated bills 
payable, $3,514.40, there results an estimated final balance on 1926 business of 
approximately $3,400. This favorable advance in our resources is due to the 
decrease in printing costs of the past year, to a steadily increasing number of 
members, to a continuation of the gratifying amount of advertising secured, 

and to the careful administration of office expenses by our various officials. 

W. D. Carrns, Secretary-Treasurer. 

Presented at the meeting by 
H. E. Slaught, Manager. 
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FREDERICK THE GREAT ON MATHEMATICS 


FREDERICK THE GREAT ON MATHEMATICS 
AND MATHEMATICIANS 


By FLORIAN CAJORI, University of California 


1. Frederick William I. of Prussia ordered that his son, known later as 
Frederick the Great, should “learn no Latin” ; “let him learn arithmetic, mathe- 
matics, artillery—economy to the very bottom.”! The old king allowed the 
Berlin “Society of Sciences,” the favorite child of Leibniz, to languish and 
almost to pass away. His son, Frederick, on the other hand, secretly acquired 
some Latin, shunned the study of mathematics beyond its rudiments, and 
brought the Berlin “Academy”? to great splendor. Frederick looked upon mathe- 
matical study with disfavor. As crown prince, he wrote, on January 26, 1738, 
to Voltaire his plan of study,* “to take up again philosophy, history, poetry, 
music. As for mathematics, I confess to you that I dislike it; it dries up the 
mind. We Germans have it only too dry; it is a sterile field which must be 
cultivated and watered constantly, that it may produce.” 

2. Bantering the mathematicians. D’Alembert once wrote to Frederick the 
Great :‘ “It is the destiny of your majesty to be always at war; in summer with 
the Austrians, in winter with mathematics.” The king himself put it in these 
words :° “I love to wrangle with mathematicians, that I may know whether, 


without understanding xx+¥, it is not possible to be in the right.” The king 
presents an argument why D’Alembert should not decline his invitation to 
settle in Berlin, ending with the remark :* “Such is my refutation. I hold myself 
to be victorious, and erect a trophy to myself, for having vanquished a great 
mathematician, wholly to his disgrace.” Another time, he commentated on 
some essays of D’Alembert :’ “I read that part of the work in which you conde- 
scend to sink the science of the sublime geometry to the level of my ignorance.” 


1 Thomas Carlyle, History of Frederick II of Prussia, vol. 2, London, 1870, p. 19, 20. 

2 The institution commonly known as thé Berlin Academy was founded by Leibniz in 1700 under 
the name of Societas regia scientiarum. After his death the organization was neglected for about a 
quarter of a century and it nearly passed out of existence. It received new life under the patronage of 
Frederick the Great who reorganized it under the name of Académie royale des sciences et des belles 
lettres de Berlin, adopting French, instead of Latin, as the language in which its memoirs should be 
published. Men of note were invited to the Academy and were given a salary enabling them to devote 
their time to research. Among the mathematicians thus invited were Maupertuis, Euler, Lambert and 
Lagrange. At the beginning of the nineteenth century the Academy was again reorganized under the 
stimulus mainly of Wilhelm von Humboldt, and it was given a strictly German stamp. 

5 Oeuvres de Voltaire, vol. 53 (Paris, 1831), p. 28. 

* Posthumous Works of Frederick I1, Letters between Frederick II and M. D’Alembert. Translated 
from the French by Thomas Holcroft, vol. 11 (London, 1789), p. 4. Letter of December 23, 1762. 

5 Loc. cit., p. 27. Letter of August 20, 1765. 

6 Loc. cit., p. 28. 

7 Loc. cit., p. 65, Letter of May 5, 1767. 


122 [Mar., 


1927] FREDERICK THE GREAT ON MATHEMATICS 123 


He ventured upon physical subjects:' “Is it not true that electricity, and all 
the prodigies it has hitherto discovered, have only served to excite curiosity? 
Is it not true, that the doctrine of attraction and gravity, has done nothing 
more than astonish the imagination? Is it not true that all the operations of 
chemistry are in the same predicament? But are robbers less numerous or 
contractors less covetous?” To which D’Alembert replies:? “Your majesty is 
pleased to treat the sublime geometry a little cavalierly. I allow that it frequently 
is, as your majesty well observes, a luxury in which idle learning indulges; but 
to prove that it has often been useful we need only recollect the system of the 
world, the phenomena of which it so well explains.” But the king persists :* 
“An algebraist, who lives locked up in his cabinet, sees nothing but numbers, 
and propositions, which produce no effect in the moral world. The progress of 
manners is of more worth to society than all the calculations of Newton.” Nor 
did he hesitate to make sport of the Germans: “Our geometrician of Berlin is 
in excellent health, and rather lives in the planet Venus than on this terraqeous 
globe. The people, who have heard speak of Venus and her passage over the 
sun’s disk (transit of Venus of 1769), have been two nights on the watch, to 
observe the phenomenon. You will‘laugh at the expense of my good country- 
men; but it is all the wit they have.” Once D’Alembert took occasion to 
observe :° “I perceive your majesty has always a lash in store for geometry.” 
Quite natural is the king’s dictum relating to the telescopes of Beguelin:* “I 
suppose the calculations according to which they are constructed are admirable, 
but the fact is that I wished to make use of them, but could not see through 
them.” 

3. The King and Euler. During the first thirteen years at the court of 
St. Petersburg, Euler gained general recognition throughout Europe as a 
mathematician of the first rank. Frederick, even before ascending the throne, 
had determined upon an eager search for men of genius for his academy. How 
he settled upon the name of Euler is not known. Perhaps through his friend 
von Suhm who had been in St. Petersburg since 1737, and was buying books 
for Frederick, including certain memoirs of the St. Petersburg academy. On 
June 14, 1740, two weeks after ascending the throne, Frederick wrote von 
Suhm,’ “do what you can to engage Mr. Euler, the great algebraist, and if you 
can, bring him with you. I shall give him 1000 or 1200 écus salary.” On July 


1 Loc. cit., p. 79. Letter of January 7, 1768. 

? Loc. cit., p. 82. Letter of January 29, 1768. 

3 Loc. cit., p. 145. Letter of January 4, 1770. 

* Loc. cit., p. 127. Letter of July 2, 1769. 

5 Loc. cit., p. 235. Letter of March 6, 1771. 

5 Loc. cit., vol. 12, p. 166. Letter of January 29, 1779 

7 Euores de Frédéric Le Grand, vol. 16 (Berlin, 1850), p. 391. 
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15, the king repeated:! “Bring Euler, if you can.” But von Suhm died and 
the Prussian ambassador took up the matter.? Euler accepted and reached 
Berlin, July 25, 1741. On September 4, the king wrote him from the field of 
the Silesian war, and set his salary at 1600 Taler.* The war delayed the organ- 
ization of the new academy, but at its close a volume of Miscellanea of the old 
society came from the press, containing five papers by Euler. Anxious that 
the new academy should be organized as soon as possible, Euler wrote the king 
in 1743,‘ suggesting that the revenues of the academy resulting from the sales 
of the annual almanacs would be sufficiently increased by the sale in the newly 
acquired territory of Silesia, “to support an academy of sciences of rank equal 
to that of St. Petersburg or Paris.” Two days later came the king’s inapprecia- 
tive reply :° “But I believe that, being accustomed to the abstractions of magni- 
tudes in algebra, you have sinned against the ordinary rules of calculation. 
Otherwise you would not have imagined such a large revenue from the sale of 
almanacs in Silesia.” Euler instantly replied® that he had been prompted by a 
desire “to be worthy of the favors which the king had bestowed upon him.” 
The king’s delay was due, apparently, to his plan of making Maupertuis the 
ruling head of the academy, which was delayed by war conditions until 1746. 
Meanwhile Euler and high officials in Berlin organized informally a scientific 
society which for six months held weekly meetings, and then fused with the 
old society into a new academy which held its first meeting on January 24, 
1744, the king’s birthday.’ This provisional organization comprised four 
classes: Physics, mathematics, speculative philosophy and philology. Euler 
became director of the mathematics class, and retained this place until his 
return to St. Petersburg in 1766. The king’s inquiry for the best book on 
artillery led to Euler’s translation into German in 1745, of the treatise by 
Benjamin Robins. Euler’s important commentaries thereon were translated 
into French and English.* In a practical way Euler was of service to the king 
also for information on lotteries and aid in planning a canal connecting the 
Oder and Havel.* The king was aware of the high esteem in which Euler was 
held for his researches. Before 1753 Euler had won seven prizes offered by the 
Paris academy.’ He was elected foreign associate of that academy. In 1775 

1 Loc. cit., p. 394. 

2G. Valentin, Festschrift zur Feier des 200. Geburtstages Leonhard Eulers, (Leipzig und Berlin, 
1907), p. 4. 

; CEusres de Frédéric Le Grand, vol. 20 (Berlin, 1852), p. 199. 

‘Loc. cit., pp. 199, 200. Letter of January 19, 1743. 

5 Loc. cit., p. 200. 

6 Loc. cit., p. 201. 

7G. Valentin, loc. cit., p. 8. 

8 Nicolaus Fuss, Lobrede auf Leonhard Euler (Basel, 1797), p. 47. 

9 Op. cit., p. 48. 


10 P. H. Fuss, Correspondance mathématique et physique de quelques célébres géométres du XVIII*™ 
siécle, vol. 1 (St. Petersburg, 1843), p. 608. 
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the king mentioned Euler as having been an ornament of the Berlin academy.' 
Nevertheless, he did not appreciate and admire Euler. At one time, when 
commenting on the lack of ability of mathematicians in literature and art, the 
king said :* “A certain geometer who has lost one eye in calculating presumed 
to compose a minuet by a plus b. Were it to be played before Apollo, the poor 
geometer would run the risk of being flayed alive, as was Marsyas.” In a letter 
to Voltaire, the king speaks* of a “huge cyclops of mathematician” (un gros 
cyclope de géométre). The king had no knowledge of mathematics and no ap- 
preciation of its value in civilization. “Euler en vains calculs met sa phil- 
osophie,” he wrote.‘ Moreover, he missed in Euler the power of light, witty, 
brilliant conversation and correspondence, in which his French correspondents, 
Voltaire, D’Alembert, Maupertuis, and D’Argens so eminently excelled. When 
Maupertuis left Berlin in 1756, broken in health, no regular successor was 
appointed, not even after his death. In 1763 the king offered the presidency 
to D’Alembert, but he could not be persuaded to leave France. Thereupon the 
king made himself head, but D’Alembert in Paris was the secret president, 
the one upon whose judgment the king depended almost entirely in the selection 
of new members to the academy.® The real burden of routine administration 
fell for the ten years following 1756 upon Euler who, according to Harnack,’ 
“was conscientious, economical, but hardly less violent and self-willed than 
the old president (Maupertuis); just he was to be sure, but not without preju- 
dice.” When the presidency was offered to D’Alembert, Euler felt that he was 
not appreciated and wrote Goldbach* that if the plan persisted to make this a 
French academy, he might feel constrained to move elsewhere. On December 
2, 1763, Euler asked? the king’s consent to the marriage of one of his daughters 
to a cornet in the army, which was promptly denied because of the low rank 
of the officer. There arose another source of irritation. The king and some 
members of the academy criticized Euler for allowing an official, Kohler, ex- 
cessive profits from the sales of the calendar upon which the academy was 
financially dependent. A commission of investigation was appointed, of which 
Euler was a member. But, disregarding the commission, Euler made proposals 


1 Euvres, vol. 3, p. 25. 

2 Loc. cit., vol. 9, p. 64. 

3 Loc. cit., vol. 11, p. 128. 

‘ Loc. cit., vol. 10, p. 138. 

® Adolf Harnack, Geschichte der Kéniglichen preussischen Akademie der Wissenschaften zu Berlin, 
vol. 1 (1900), p. 359. 

6 After the death of D’Alembert, it was Condorcet who for 16 months acted as adviser to Frederick 
the Great in matters relating to the Berlin academy. See Loc. cit., p. 390. 

7 Loc. cit., pp. 351, 352. 

§ P. H. Fuss, op. cit., vol. 1, p. 667. 

Euvres, vol. 20, p. 208. 
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to the king directly. The latter replied :! “I cannot compute any curves, but I 
know quite well that 16000 Taler are more than 13000 Taler.” Euler addressed 
a second letter to the king and received a sharp reply.? These events caused 
Euler to ask the king for permission to leave Berlin, but not till the third request 
did the king write a gracious note :* Euler “would do him pleasure if he would 
desist from request for leave and would not revert to this again.” But Euler 
persisted and on May 2, 1766, received leave in a note of two lines. With 
derision, the king expressed himself to D’Alembert: “Mr. Euler, who is in 
love even to madness with the great and little bear, has travelled northward to 
observe them more at his ease. The ship which bore him and his xz and yy has 
been wrecked. All is lost, which is a pity, for there were materials enough to 
have formed six volumes, in folio, of memoirs in figures from beginning to end: 
and Europe, in all probability, will be deprived of the agreeable amusement 
which such a course of reading would have afforded.” Thus parted the two 
great men in discord. But ten years softened the feelings. When both were 
in the autumn of their lives, Euler sent to the king two papers relating to 
widow’s pensions, which the king was introducing, and received in reply gra- 
cious acknowledgments. The king also expressed appreciation of his election 
to honorary membership of the Petersburg academy.°® 

4. The King and Maupertuis. As the famous earth flattener, Maupertuis 
had become the social lion in Parisian circles. Voltaire recommended him to 
the crown prince Frederick. Probably at the suggestion of Voltaire, Maupertuis 
sent to the crown prince a copy of his La figure de la terre, 1738, and received in 
reply an appreciative letter:’ “Nature cannot but unveil herself to persons 
who study her with such great attention. Although the subject treated in this 
book demands a profound knowledge of mathematics and of speculative astron- 
omy, I shall read it with pleasure, reserving the right to ask for explanation of 
points which I do not understand.” Immediately after ascending the throne, 
Frederick expressed in a letter,’ “the desire of having you here, that you might 
put our Academy into the shape you alone are capable of giving it. Come then, 
come and insert into this wild crabtree the graft of the sciences, that it may 
bear fruit. You have shown the figure of the Earth to mankind; show also to 
a King how sweet it is to possess such a man as you.” Maupertuis visited 
Prussia in 1740 and 1741 during wartime, but returned to France, to await the 


1 Loc. cit., vol. 20, p. 209. 

2 Adolf Harnack, op. cit., vol. 1, p. 364. 

3 Euvres, vol. 20, p. 210. Letter of March 17, 1766. 

* Posthumous Works (Ed. Th. Holcroft), vol. 11, p. 43. 
5 CEuvres, vol. 20, p. 211; A. Harnack, op. cit., p. 365. 

§ Loc. cit., vol. 17, p. 335. 

7 Loc. cit., vol. 17, p. 335. Letter of June, 1740. 
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end of the war. In 1746, Maupertuis assumed the presidency and, in the words 
of Frederick was to be “the pope of the Academy.” During the first four years 
his administration was very successful. In 1750, Maupertuis communicated 
to the academy two papers on a new principle in science, that of least action. 
It was developed in a book, the Cosmologie, 1750. The Swiss mathematician 
Samuel Konig, then residing in Holland, criticized the principle as enunciated 
by Maupertuis, and pointed out also that it was not new, since long ago 
Leibniz had advanced the idea in more correct form. There arose a quad- 
rangular controversy involving Maupertuis, Kénig, Voltaire and Frederick II, 
which for sensational features and brilliancy of satire has never been equalled in 
scientific circles. The Newton-Leibniz controversy on the invention of the 
calculus pales in comparison. 

5. The King and Lambert. The Swiss Sulzer, who was director of the 
philosophy class of the academy, strongly recommended his countryman Lam- 
bert. At the first meeting, the king found Lambert very crude and conceited. 
“What sciences are you pursuing?” asked the king. “All.” “Are you also a skilled 
mathematician?” “Yes.” “What professor has taught you mathematics?” “I 
myself.” “Are you therefore a second Pascal?” “Yes, your majesty.” The 
king looked upon him as a simpleton and could not be persuaded to appoint 
him to the academy until the year following when it became known that the 
Russian ambassador in Berlin was considering him for the St. Petersburg 
academy.' Euler thought well of him; so did the king later. On March 1, 1765 
D’ Alembert wrote the king:? “I am only acquainted with one work of Mr. 
Lambert, which is good, but which does not seem to me comparable to any of 
the works of Euler; and, if the latter be on his knees before Mr. Lambert, as 
your majesty has done me the honor to inform me he is, we must say of Mr. 
Euler as has been said of LaFontaine, that he was silly enough to believe 
Aesop and Phaedrus had more wit than himself ---. I should think him 
(Lambert) tolerably well provided for when he should be, to speak mathemati- 
cally, in the same ratio to Euler - - - as Bayle is to Descartes and Newton.” On 
October 5, 1777 the king wrote:* “Alas! We have recently lost poor Lambert, 
one of our best members. I know not who could treat the subject (“whether it 
be useful to deceive the people”) philosophically ; Beguelin I believe to be the 
only person.” 

6. The King and Lagrange. It was D’Alembert who suggested Lagrange 
as the successor to Euler. On May 19, 1766, D’Alembert wrote:‘ “I take the 


1 A. Harnack, op. cit., p. 366, who quotes Sulzer’s Lebensbeschreibung, von ihm selbst aufgesetzt, 
herausgegeben von Merian und Nicolai, Berlin, 1809, p. 381. 

2 Posthumous Works (Ed. Th. Holcroft), vol. 11 p. 20. 

3 Op. cit., vol. 12, p. 107. 

* Op. cit., vol. 11, p. 36. 
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earliest oportunity to inform your majesty that Mr. de la Grange has received 
your proposal with equal respect and gratitude. - - - I therefore believe” he 
will come “to replace Mr. Euler; and I dare to assure your majesty that, both 
with respect to ability and industry, he will be an excellent substitute; and 
that, in character and conduct, he will never excite the least division, or dis- 
turbance in the Academy.” Lagrange had some difficulty in securing from the 
ministers of the king of Sardinia permission to leave Turin. D’Alembert 
secured Frederick’s consent for Lagrange to take his trip to Berlin by way of 
Paris and London.'! He will be? “much more useful to the academy than I could 
be. This is no false modesty, but the simple truth. Mr. de la Grange is young, 
and I am almost old; his ardor is rising, mine is on the decline; he is getting up, 
and I am going to bed.” The king replied, July 26, 1766: “To your care and 
recommendation am I indebted for having replaced a half-blind mathematician 
by a mathematician with both eyes, which will especially please the anatomical 
members of my academy.” D’Alembert recommended Lagrange for the position 
of director of the mathematical class :* “If however your majesty should have 
other views, relative to the place of Director, Mr. de la Grange, well satisfied 
with the fifteen hundred crowns --- will not insist upon this point; he only 
intreats your majesty would be kind enough to name a Director before his 
arrival, in order that the court of Turin - - - should not imagine that Mr. de la 
Grange, at his first coming, should meet an apparent kind of disgrace.” Once 
the king invited the members of his academy to meet him afternoons socially.® 
“TI then saw Mr. de la Grange, who endeavored to temper the sublimity of his 
language in an inverse ratio to the square of my ignorance. He led me from 
abstraction to abstraction, into labyrinths so dark that my poor understanding 
would have lost its road, had not our good Swiss Mr. Merian conducted me 
from these high infinitesimal regions, and safely landed me on the abject and 
crude globe on which I vegetate.” On January 23, 1782, the king wrote to 
D’Alembert :* “Mr. de la Grange calculates, calculates and calculates, curves 
as many as you please.” Without appreciation of the great réle which mathe- 
matics was playing in the intellectual life of Europe, the king tolerated the 
mathematicians at his court simply as ornaments. “Ages must pass away before 
nature shall produce another Voltaire,”’ said he once, but no such appreciation 
was ever applied to Lagrange, Euler or Lambert. 


1 Op. cit., pp. 39-50. 

2 Op. cit., p. 40. Letter of July 11, 1766. 

3 Op. cit., p. 43. 

4 Op. cit., p. 45. 

5 Op. cit., vol. 12, p. 198. Letter of 1780, undated. 
6 Op. cit., p. 316. 

7 Op. cit., p. 19. Letter of December 30, 1775. 
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After the death of the king, a situation arose so that Lagrange felt no more 
at home in Berlin than had Euler, twenty years previously. The notorious 
Mirabeau, who then happened to be on a secret mission to Berlin, wrote! to 
the French government, on November 28, 1786: “I find that at this moment a 
conquest could be made which would be worthy of the king of France: --. The 
celebrated Lagrange, the first mathematician that has arisen since Newton, is 
not happy here.” In 1787 Lagrange left for Paris. 

7. The King and Castillon. On May 26, 1766, D’Alembert wrote the 
king :> “Your majesty wishes to have an astronomer and I believe Mr. de 
Castillon to be a proper person; especially as he can educate his son in the same 
studies, and enable him to be his successor, should that be required.” Castillon 
went to Berlin and took up the work at the observatory which at D’Alembert’s 
suggestion had undergone repairs. Modern readers remember Castillon, 
chiefly, for his editions of the minor works of Newton and of the correspondence 
of Leibniz and John Bernoulli. 

8. Frederick, Fontenelle and Madame Chatelet. Frederick had some cor- 
respondence with Fontenelle who was in doubt’ as to the validity of the theory 
of gravitational “attraction.” Through Voltaire, Frederick as crown prince, 
wrote to Madame du ChAatelet who endeavored to persuade him to study physics 
and to win him over to Newtonian philosophy.‘ 

9. Conclusion. Frederick the Great was desperately in love with poetry 
and philosophy, and wholly unsympathetic with mathematics. Yet, by his 
patronage at the Berlin academy, he contributed nothing substantial to poetry 
and philosophy, but achieved marvels in the advancement of mathematics. 
How did this happen? Partly because in selecting academicians Frederick 
received good advice from D’Alembert and Voltaire on matters mathematical, 
while in the fields of philosophy and belles-lettres he was not equally fortunate. 
Then besides, having himself received a French education, he was inappreciative 
of German talent. He made no attempt to draw to the Berlin academy either 
Kant or Goethe. The mathematical creations of Euler, Lagrange, Lambert, 
Maupertuis, Beguelin, and Castillon, while these were at the Berlin academy, 
rank among the brightest pages in the eighteenth century annals of the exact 
sciences. Euler and Lagrange adorned the academy during forty-five years. 


1 A, Harnack, op. cit., vol. 1, pp. 505-506. 

2 Posthumous Works (Ed. Th. Holcroft), vol. 11, p. 38. 

3 Eurres, vol. 16, p. 197. Letter of September 29, 1737. 

‘ Loc. cit., vol. 17, p. 15. Letter of February 16, 1739. 

5 The Swiss and French were the ones who gave character to the Berlin academy in the time of 
Frederick II. Among the Swiss were L. Euler, Lambert, J. Bernoulli (1744-1807), Beguelin, A. Euler, 
Merian, de Catt, Passavant, Sulzer, Weguelin. The last five did not belong to the mathematical class. 
See Harnack, op. cit., p. 327-480. 
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Frederick the Great’s controlling motive for his academy was splendor. This 
is expressed in the form of invitation he is said to have sent to Lagrange at 
Turin: “The greatest king of Europe” wishes to have “the greatest mathe- 
matician” at his court. 


NOTE ON THE COMPUTATION OF ROOTS 
By J. V. USPENSKY, Carleton College 


The purpose of this note is to call attention to a certain method for the 
computation of roots which is especially advantageous when the value of the 
root to many decimal places is required. The author does not venture to say 
positively whether this method is new or not, for it would be rash to make 
any positive statement concerning so elementary a matter; at least he knows of 
no work where this, or a similar method, can be found. Let a be a given positive 
number and @ its mth root, so that 


(1) =a. 
Denoting by s any number, the product 
by means of (1), may be reduced to the form 


Ro + + RO? + + 


where 
Ry = Spe — + — prs 
for k=3,4,---,n-—1, but 
= Spo = 3s*p1 + 3spo apn-1 
Ri = — + 35apn-1 — Apn—2 
Ro = s*po — + 3sapn—2 — 

This holds true whatever may be the values attributed to Po, pi, Pn—1- 
Now we shall determine these values in such a way that all the coefficients 
R:, Rs, - --, Ra vanish. This gives us a system of m—2 linear and homo- 
geneous equations involving po, fi, - - -, Pa—1, to which, in order to attain the 


greatest possible simplicity, we adjoin an additional equation f,-.=0. 
It is easy to see that all the equations 


R; = 0, Ran = 0, = 
are satisfied if we assume 


= (6 + chk)(m — 1 — k)s*-*-? 


| 
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for every k=0, 1, 2, - - -,m—1, band c being arbitrary constants. Introducing 
the values thus determined into the remaining equation R,=0, we find that it 
is satisfied when b=c. Accordingly, putting for simplicity b=c=1, we reach 
the following conclusion: p, for k=0,1,2, - - -,—2 being determined by the 
equation 


(2) be = (k + 1)(m — k — 
the product 
(s — + + po? + + 

can be reduced to the binomial form Ro+R,6 where 

Ro = s[(n + 1)a + (m — 1)s"] and — Ri = (m — 1)a + (m + 1)s". 
That is, we have 

(s — + pid + p28? + + 

=s[(n + 1)a + (m — 1)s"] — [(n — 1a + (n + 1)s"J0 


provided that the p, are determined by the equation (2). 
The equation (3) will be our starting point. Supposing s positive and putting 
(n + 1)a + (m — 1)s" 
“(n — 1)a+ (n+ 1)s” 


we have first 
a—s* 


(n — 1)a + (n+ 1)s” 


(4) = 2s 


and second from (3) 


Po + pid + poo? +--+ + 
(n — 1)a + (n + 1)s” 


(5) S$; — 0 = (s — 6)°P where P = 


If s<@ or s"<a it follows from (4) that s,;>s; at the same time (5) shows that 
in this case s;<6. On the contrary, if s>0, then s;<s and s;>06. Hence it is 
obvious that, starting with s<@ as a first approximate value, we get s; as a 
new approximation which is always nearer to 6 than s and is still <6. Starting 
with s, instead of s from (4) we obtain astill better approximation s2>s, and so 
on. Thus starting with an arbitrary positive value s <@ we can form an ascend- 
ing sequence of numbers s, 51, 52, 53, - - - Which all remain less than @ and con- 
verge to 6 asa limit. In the same way, starting with s >6 we obtain a descending 
sequence of numbers 5, $1, Se, 53, - - - all remaining greater than @ and converging 
to @ asa limit The convergence in both cases is very rapid. To see this it is 
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necessary to have an upper limit for the quantity denoted by P. Putting 
6/s=& we have 


n—2 


(k + 1)(n — k — 


k=0 


(n — 1)i*+n+1 


For £<1, it is obvious that 


(n— 1)&*+n+1>n+1, 


so that in this case 
P < (n? — n)/(6s?). 


For &>1 and m>2, it is easy to show that 


n(n — 1) 
n—2 


which gives the following upper limit for P: 


1 m—2 
P<— + 1)(n — k — 1)? 
s? n(m — 1) ino 
1 —2 = 


s* n(n — 1) kno 
or P< — 2)/(6s?). 


In the excluded case m =2 we have P< 1/(3s?) and hence we can draw the con- 
clusion that the inequality P < (n? — n)/(6s*) holds true in every case inde- 
pendently of the value of & =@s—!. 

With this upper limit for P we have 


(s1 — 0)/(s — 0)® < — n)/(6s*) 


which shows that the new approximate value has about three times as many 
correct decimal places as the preceding one. Besides the rapidity of convergence, 
this method presents another very precious advantage in that it enables us to 
approach the required root from either side and consequently to form a clear 
idea as to the accuracy attained at every step of the process. Before giving 


| 
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numerical illustrations of this method it is desirable to write down the final 
formulas for certain special cases. 


Case n=2 Case n=3 
a—s? a—s 
= s+ 2s - S,=sts 
a+ 3s? a + 2s8 
a= 9 1 6 1 
(s— 6)? 35? (s — s? 
@ = 9 = 
Case n=4 Case n=5 
Ss, =s+2 $1 + 
3a + 5s4 2a + 355 
51 — 0 — 0 10 
(s—6) (s — 35? 
6 = qi/4 6 = qi/5 


As a first example let us find the approximate value of (100)'/*. Taking 
first s=4 we have 


4+ naa 4.631 

228 

Again, starting with s=5 we get 


125 
= 5 — = 4.6429 --- 
350 


and hence we infer that the difference between (100)!/* and 4.63 is certainly 
less than 1.2X10-*. Starting again with s=4.63 we may be sure that the 
new approximation s,, being less than (100)!/*, will differ from it by less than 


10-6 1.8 X 


< < 1077. 
(4.6)? 21 


Performing the computation we find s; = 4.6415917 --- whence it follows 
that (100)'/?=4.6415917 correct to 7 decimal places. For the second example 
let us find the approximate value of (64)'/°. Here we start first with s=2 
and then with s =3; the corresponding values of s; are 


64 537 
= 2+ — = 2.285--- and = 3 — —- = 2.373 - - - 
224 857 


4 
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and it is certain that the number 2.28 differs from (64)!/* by less than 9.3 X 107°. 
Starting with s=2.28 and performing the computation we find :; = 2.297394 -- - 
and hence we infer that the difference between (64)!/* and 2.28 in reality is 
less than 1.8102, so that we can conclude (64)!/5=2.297395 correct to 6 
decimal places. If we started again with this number the next approximate 
value would be correct to about 18 places, and this remark may convey an 
adequate idea of the rapidity of the convergence in the above described process. 

The fundamental idea underlying this method can be generalized, but the 
resulting formulas, on account of their complexity, do not seem practically 
useful. 


ON AN APPLICATION OF BOUGUER’S THEOREM 
By JAMES PIERPONT, Yale University 


Poincaré in his La Science et L’Hypothése p. 83 seq., has given an elegant 
realization of hyperbolic space. The points of this space lie within an e-sphere! 


= 4R? — = + y? + 2. 


The absolute temperature at a point P=(x,y,z) is given by T=\/4R?. All 
bodies when moved about in this sphere acquire instantly the temperature pre- 
vailing at this point and contract or expand in such a way that a small unit 
measuring rod has the length 


ds = do. T-', do? = dx? + dy? + dz’. 


Thus the length of the radius of the sphere \=0 is infinite in this enclosure, 
and to an H-observer his space seems to be of infinite extent. Now H-straights 
appear to an e-observer as e-circles cutting the sphere \=0 orthogonally. As 
a ray of light should in H-space move along an H-straight, the question arises, 
can we fill the \-sphere with a medium of varying index of refraction m such 
that light will satisfy this condition. Poincaré asserts this to be the case if we 
take 

(1) n=g/h, g constant. 

This “monde non-euclidien” of Poincaré is often cited but the writer has failed 
to find a proof. 

Let us ask: Can we find an index depending on r alone such that a ray of 
light will travel along an e-circle cutting \=0 orthogonally. As the ray must 
move in a plane thru O, let us take this plane to be z=0. It cuts \=0 in the 
circle 


=0, z=0, 


1 For e—read euclidean, for H—read hyperbolic. 
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We will take the x-axis so that it passes thru the center D of the orthogonal 
circle whose radius we call p. The equation of this circle is 


(x —c)? + -y? = p?, c? = 4R?+ p?, OD=c. 


The tangent to this circle at P makes the angle 
t=PQD with the x-axis. Let POD=y, while @=OPQ 
is the angle that the tangent at P makes with the 
radius vector OP=r. Then cos Y=x/r, sin p=y/r, 


cos r=2/p, sin r=(c—x)/p, sin sin (r—y) 2 


=sin cos W—cos sin p= (cx—r?)/rp =d/(2rp). 
Hence (2) rsin 0=X/2p. 

Now Bouguer’s theorem asserts, that when the index 
nm depends on r only, the ray moves so that 


(3) nr sin a constant. 


Comparing (2) and (3) gives n=2kp/d which is (1) if we take the constant 
g=2kp. Q0.E.D. 


QUESTIONS AND DISCUSSIONS 


EpITEp By H. E. BucHanan, Tulane University, New Orleans, La. 


The department of Questions and Discussions in the Monthly is open to all forms of activity 
in collegiate mathematics, including the teaching of mathematics, except for specific problems, especially 
new problems, which are reserved for the separate department of Problems and Solutions. 


DISCUSSIONS 


I. ON THE RELATIVE ACCURACY OF SIMPSON’S RULES AND WEDDLE’S RULE! 
By J. B. Scarsoroucn, U. S. Naval Academy 


1. Introduction. When a continuous function is approximated over an 
interval by a polynomial, it is well known that a polynomial of high degree 
generally gives a closer approximation than one of low degree. This fact has 
sometimes led to the belief that Simpson’s three-eighths rule is more accurate 
than his one-third rule, because the former is derived by passing a third-degree 
parabola through four consecutive points whereas the latter is usually derived 
by passing a second-degree parabola through three consecutive points. That 
the contrary is really the case, that the three-eighths rule is less accurate than 
the one-third rule, was first pointed out and proved by C. W. Merrifield? in 


’ For a statement and a derivation of these rules see Lipka’s Graphical and Mechanical Computation, 
page 233. 
2 Transactions of the Institution of Naval Architects, Vol. VI (1865), p. 41. 
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1865. Merrifield divided a given interval into six equal subintervals of width 
h and then applied both rules to this subdivided interval. By using the 
calculus of finite differences and comparing the results for the two rules with 
the more acturate value given by Cotes’ formula for six sub-intervals, he 
found that the principal part of the inherent error in the three-eighths rule was 
9/4 times that of the one-third rule. 

In 1909 W. W. Johnson' made extensive numerical tests of Simpson’s 
two rules and found that the one-third rule gave a more accurate result in 
every case. In a later paper? Professor Johnson stated that he compared the 
two rules with an assumed power series 


Y= Oot + + 


and found that the errors began with terms in a, in each case. He gave no 
expressions for the errors, but stated that their ratio was 4 : 9 in favor of the 
one-third rule, as previously found by Merrifield. 

F. A. Willers* has also found expressions for the errors of the two Simpson 
rules in a given interval, but since the number of sub-intervals was different 
in each case the results furnish no comparison of the relative accuracy of the 
two rules. 

The only correct way to compare the accuracy of quadrature formulas is 
to apply them all to the same interval and divide this interval into the same 
number of sub-intervals, as pointed out by Merrifield. The object of the present 
paper is to derive definite expressions for the errors inherent in Simpson’s 
two rules and in Weddle’s rule‘ when all are applied to the same interval and 
to the same number of sub-intervals. The expressions here obtained for the 
errors are believed to be new. 


2. Expressions for the Error in the three Rules. THEOREM. The errors 
inherent in Simpson’s two rules and in Weddle’s rule, when applied under identical 
conditions to the quadrature of a continuous function f(x) over the interval (k — 3h, 
k+3h), are: 

For Simpson’s one-.hird rule, 


420 


hd 
1/3 


1 U.S. Naval Institute Proceedings, Vol. 35 (1909), p. 759. 

2 U.S. Naval Institute Proceedings, Vol. 37 (1911), p. 871. 

3 Graphische Integration (1920), pp. 29 and 33. 

‘ Weddle’s rule for seven equidistant ordinates is W=(3/10)h(yot5yi+¥2+6ys+¥e+5ys+4e), 
where h is the distance between ordinates. In applying this rule, the number of equal intervals must be 
a multiple of 6. See Lipka, loc. cit. 
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For Simpson’s three-eighths rule, 
h? 


3 
E3/3 = 
For Weddle’s rule, 


where kis the mid-point of the interval considered and h is the width of the sub- 
interval. 


Proor. The smallest number of sub-intervals to which all three rules can 
be applied is six. We therefore divide the interval from x=k—3h to x=k+3h 
into six equal sub-intervals of width h. The division points are then k—3h, 
k—2h, k—h, kk, R+h, +2h, and k+3h. 

Assume that f(x) and all its derivatives are continuous in the interval con- 
sidered. Also let 


f sax = F(x) +C. 


Then the true value of the integral 


k+3h k+3h 
f f(x)dx is [= f f(x)dx = F(k + 3h) — F(k — 3h). 
k k 


—3h —3h 


For a sufficiently small value of # the given function can be represented in 
the given interval by a Taylor series. Hence, since F’ (x) =f(x), F’’(x) =f’ (x), 
etc., we have 


9h? 
P(A + = FCA) + + + PO 


Oh? 27h? 
F(k — 3h) = F(k) — 3hf(k) + eh “a f"(k) + 


Therefore 


=f = 8) + + 5 + 


—3h 


The value of this integral by Simpson’s one-third rule is 


h 
= 3 — 3h) + f(k + 3h) + 4/f(k — 2h) 
+f(k) + flk + 2h)| + 21 f(k — h) + fle + h) 


137 
hi 
Ey —-~fvi(k) mm 
140 
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Replacing the functions f(k—3h), f(k+3h), etc. by their Taylor expansions, 
we get 


( v3 = Ohf( f 12 f 360 


Subtracting (2) from (1), we have 


17h’ 
420 


hs 


Simpson’s three-eighths rule gives for the integral (1) 


3h 
— 3h) + + 3h) + — 2h) + fle + 2h) 
+ f(k — h) + fle + h)] + 2f(2)}. 
Replacing the several functions on the right by their Taylor expansions, we have 
77 
(4) Saya = + + + 
Subtracting (4) from (1), 
3/8 = 3/8 = 40° 560 


The value of the integral (1) by Weddle’s rule is 


3h 
W = — 3h) + fle + 3h) + — 2h) + fle + 
+ f(k — h) + flk + h) + 6f(k)}. 


Replacing the functions by their Taylor expansions as before, we get 
_ 7 
(6) W = 6hf(k) + 9hf""(k) + = Wfiv(k) + 


Subtracting (6) from (1), we find 


7 


(7) E,=1-W 


as the error in Weddle’s rule. 


4 
% 
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3. Comparison of the Errors. When the errors for the Simpson rules 
are written in the forms 


Ons 


E = 
3/8 120 


( iv(R) vi 
f ); 


it is evident that the parenthetical expressions are nearly equal; and since the 
coefficients of the parentheses are in the ratio of 4 to 9, it follows that the error 
inherent in the one-third rule is generally about 4/9 that of the three-eighths 
rule. Moreover, since the second term in each parenthesis is multiplied by A?, 
it is also evident that the principal part of the error is contained in the first 
term. This consideration makes it all the more apparent that the errors of the 
two rules are generally in the ratio of 4to9. The only case in which E,/; could 
ever exceed E;/s would be that in which both f‘”(k) and fvi(k) were different 
from zero and of opposite sign and in which the expression f‘’(k) +53/42h?f"i(k) 
were zero or nearly so. Such a case would be of rare occurrence. 

The error in Weddle’s rule is so much smaller than £,/3; and E;3/s that it can 
hardly be compared with them. As a matter of fact, when appropriate values 
are taken for / the error in Weddle’s rule is practically negligible. 

4. Conclusion. The results obtained in this paper confirm the previous 
results of Merrifield and W. W. Johnson as to the relative accuracy of the two 
Simpson rules. Both rules will give exact, and therefore identical, results 
when the given function is a polynomial of the third degree or less; but in all 
other cases, with rare possible exceptions, the one-third rule will give the more 
accurate result. 

It is generally agreed that the one-third rule is simpler in form and more 
flexible and convenient in its application than the three-eighths rule. It is 
also more accurate than the latter, as we have already seen. Hence there seems 
to be no good reason for the continued existence of the three-eighths rule in 
mathematical textbooks, and the writer is of the opinion that all space devoted 
to this rule in the textbooks is wasted. 

The expression for the error in Weddle’s rule shows that this quadrature 
formula is extremely accurate. The rule is simpler in form and application 
than Simpson’s three-eighths rule (because of the coefficient 3/10 instead of 
3/8) and is far more accurate than either of the Simpson rules. Its only dis- 
advantage is that the number of sub-intervals used must be a multiple of six. 
Nevertheless, this rule should, in the writer’s opinion, receive more attention 
in undergraduate textbooks. 
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II. THe Error IN AN APPROXIMATE DIVISION OF THE CIRCLE 
By E. J. Mc Suang, Tulane University 


In the report of the 1926! meeting of the Maryland-Virginia-District of 
Columbia Section of the Mathematical Association of America, an approximate 
construction was given for the division of a circle into m equal parts, and it was 
remarked that it would be interesting to know the limits of error. The con- 
struction is this: On a diameter AB construct an equilateral triangle ABP. 
Divide AB into m equal parts; let C be the second point of division from A. 
Let PC produced intersect the circle in D. Then arc AD is very nearly an mth 
part of the circumference. 

To investigate the error, we will assume axes and scale of drawing such that 
the radius is 1, the center the origin, and BA the x-axis. The coordinates of 
A are (1,0); of P, (0, — 3"); of D, (cos 8, sin 0), where @= ZAOD. Let x=OC. 
We will now permit 6 to vary continuously from 0 to 7/2. 

If the construction were everywhere exact, we should have x=1—(260/r). 
We find however that x =3!? cos 6/(3'/2+sin 6). 


20 cos 8 2 32+ 3sin0 
Set e = f(9) = 1 — — — ———-: Then f'(6) =— -+————_- 
32+ sind x (3'/2+sin 6)? 

Both are continuous in (0, 7/2). f’(@) has two zeros in (0, 7/2), which we 
find with no difficulties other than computational to be @=arc sin .29210, 
@’=arc sin .95619. 

We find f(0) =f(/3) =f(/2) =0; that is, for these values the error vanishes. 
Moreover, for no other values in (0, 7/2) is the construction exact, for f’(6) 
has but two zeros in that interval. 

We will henceforth restrict ourselves to the interval (0, 7/3), thereby leaving 
out of consideration the case of division into five equal parts; for this there is 
an exact geometrical construction. 


f(O) = — .007082, whence | e| < .007082. 


It is easily shown that f’’(@) is continuous and has only one zero in (0, 
a/2), which is arc sin 3-*/2, Hence in the interval (0, arc sin 3-"/”) and a fortiori 
in the interval (0, ©), f’(@) is monotonic, and if 0<@< @, O2de/dbzf' (0). 
Integrating and remembering that f(0) =0, 


02 ¢2 f’(0)(6) and 


| f’(0)| = .0592694. 


1 This Monthly, vol. 33 (1926), p. 434. 
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But 
dx 31/2 sin de 
do| (3'2+4+sin0)? 
Let the error in @ ben. If <6 < 
és 2 | | 
—2-, |—|s-, |n|s < .011123, and .037525. 
dd dx 2 2 6 0 
dx 2 
—2-+/'(0) =34, 
é 
|n| S .012265, and < 312 32 | | = .10265. 


Hence the error cannot be as great as 43’, nor the percentage of error greater 
than 10.265; and the latter figure is the limit of the percentage error as 6 
approaches 0. 


UNDERGRADUATE MATHEMATICS CLUBS 
All reports of club activities should be sent to H. J. Ettlinger, 3110 Harris Park Ave., Austin, Texas. 
CLUB TOPICS 


1927 as A CENTENNIAL YEAR IN THE History OF MATHEMATICS 
By WALTER Crossy EELLs, Whitman College, Walla Walla, Washington 


In 1925 and again in 1926 lists of important events in the history of math- 
ematics for which those years were centennials were published in this 
MontHiy. These were printed as suggestions to program committees of 
college and high school mathematics clubs, teachers of courses in the history 
of mathematics, and others who might find in these events suggestive topics 
for programs and special investigations or reports. 

The year 1927 proves to be less fruitful as a centennial year than either of 
the preceding years. The 1925 list! contained 24 important events; the 1926 
list? had 20. In contrast with these, the 1927 list has but eight. However, 
it includes the death of two of the greatest mathematicians of all the centuries, 
to each of whom several programs might be devoted, Newton and Laplace. 
The list follows: 

A.D. 
727. Death of I-hsing, inventor of a new Chinese calender. Chinese 
calendars. 


1 This MonTHLy, vol. 32 (1925), p. 258. 
This Monta ty, vol. 33 (1926), p. 274. 
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1527. Birth of John Dee, who wrote the preface to the first English tran- 
lation of Euclid (“a very fruitfull Praeface”), and possibly made 
the translation also. 

1727. Appointment of Isaac Greenwood as Hollis professor of mathematics 
at Harvard College, first man to occupy a collegiate chair of 
mathematics in New England. 

1727. Death of Sir Isaac Newton, “the greatest genius that ever lived” 
(Lagrange); “probably the greatest mathematical mind of all 
time” (Cajori); who “in mathematical power has never been sur- 
passed” (Ball); inventor of the calculus and discoverer of the law 
of gravitation as set forth in the Principia, “the greatest pro- 
duction of the human mind” (Lagrange), a book which, 
according to Laplace will always be assured “a preeminence 
above all the other productions of human genius.” 

. Publication of “The New Arithmetic” by Daniel Adams, one of the 
three “great arithmeticians” of the early nineteenth century in 
America. Comparison with Pike and Daboll. 

. Death of Fresnel. Mathematical theory of light. 

. Death of Woodhouse, “apostle of the new movement” in England 
(Ball). Relation of the differential calculus to the calculus of 
fluxions. 

. Death of Laplace, author of the Mécanique Céleste which, according 
to the author, was intended to “offer a complete solution of the 
great mechanical problem presented by the solar system.” The 
nebular hypothesis; celestial mechanics. 


RECENT PUBLICATIONS 


EpiTep By W. B. Carver, Cornell University, to whom books and communications should be sent. 


REVIEWS 


Linear Integral Equations. By W.V.Lovitt. New York, McGraw-Hill Book 
Co., 1924. 253 pages. Price $3.00. 


This book on linear integral equations is substantially a reprint of its 
author’s notes of lectures on integral equations by Bolza, to whom the author 
acknowledges indebtedness in the preface. The lectures were delivered at the 
University of Chicago for the Summer Quarter of 1913. Even at that date 
the publication might have been regarded as a fragmentary presentation of the 
theory, and of course in 1924 the discussion is still less adequate. On the 
theoretical side, in fact, although there is an excuse in the endeavor to-make 
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the treatment elementary, the book does not stand comparison with the briefer 
presentations of Lalesco and Heywood-Fréchet, whom the author mentions in 
his brief list of references, nor with a certain Grundziige einer allgemeinen T heorie 
der linearen Integralgleichungen, which the author does not mention. The 
applications of the theory are well chosen both from pure and applied mathe- 
matics, and constitute about half of the text. 

The “notes” have been slightly rearranged, and one or two new sections - 
have been added, for example, sections 25 and 71, to the former of which we 
will revert below. But the principal addition is a collection of examples, use- 
ful for the student. As he becomes proficient he may be interested in devising 
methods of solution for them which are not mentioned in the text, e. g., by 
means of Fourier series or differential equations. 

The contents are arranged with four main divisions. First the integral 
equation is considered as a generalization of an algebraic problem, the integral 
replacing a finite sum; and the Fredholm theory is given. In the second part 
are given applications, notably to the Dirichlet and Neumann problems. The 
theoretical treatment is then resumed with a study of orthogonal functions and 
symmetric kernels (they are called “kerns” in one place), and in the last part 
there are given applications to boundary problems in ordinary differential 
equations, including a reference to the calculus of variations, and in partial 
differential equations. There are occasional slips, as for instance when the 
author carefully defines index of a root of D(A), as distinguished from multi- 
plicity (page 52), and then (page 55) uses the word order for the one of these 
that the reader is least likely to guess. There are one or two instances of awk- 
ward typography, as on page 46, although McGraw-Hill deserves credit for a 
generally satisfactory job of difficult typing. 

The principal fault for the students for which the book is designed, is the 
lack of employment of the theory of functions of a complex variable—a fault 
which is not compensated for by giving in the very last section a single instance 
of the theory in the method for calculating successive characteristic values. 
Vivanti starts his book off with a chapter on analytic functions. In the 
text under review the student is shown that the resolvent kernel is the ratio 
of two entire functions of the parameter A, and will wonder why none of 
the customary methods of dealing with them are of any use. Of course, they are 
of use, and employment of them will not only broaden the point of view, but 
‘vill also make the reader feel that the subject is an open and a live one rather 
chan one that is entirely closed and finished. To take a simple illustration, 
given two kernels K(x, y)=K(x, y) and K2(x, y)=K(y, x), what are the re- 
lations between their resolvent kernels fi(x, y, 4) and /2(x, y, \), their Fred- 
holm determinants D,(d) and D2(d), and the minors D,(x, y, 4) and D,(x, y, d)? 
These relations are established algebraically in the text (page 56), by means 
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of simple relations among determinants, but they may also be established simply 
by means of the analyticity of the functions involved. 
From the relations (in accord with Lovitt’s notation) 


b 
ki(x, d) Ki(x, y) f ki(x, t, Kilt, y)dt = af Ki(x, t)kilt, d)dt, 
which deserve a prominent place, the function k,(x, y, 4) is uniquely deter- 


mined for small values of \, and thus for all values of \ except those for which 
D,(\) =0. Hence also, by interchanging x and y, 


b b 
ki(y, x, d) K.(x, y) af kily, t, Ko(x, rf K.(t, y) kilt, x,d)dt 


It follows therefore immediately that k2(w, y, 4) =hi(y, x, d) for all except the 
characteristic values of X. 
But with the same exception 


d b 
D,(A) = ki(x, x, 


which is therefore the same as dlogD.,(A)/dd, so that Di(A)=D2(A), since 
D,(0)=D.(0)=1. Likewise since y, A)=Di(x, y, )/Di(A) we have 
D,(x, y, 4) =Dz2(y, x, Since however these D,(A), Di(x, y, are entire func- 
tions, the relations just established hold not only for all values of \ except the 
characteristic values, but for the characteristic values as well. In the same 
way similar relationsfor the Fredholm minors of higher order may be established. 
Moreover, with this point of view the student may suspect that there are 
other transformations on the kernels worth studying besides the mere inter- 
change of the order of the variables. 

A striking illustration, but more advanced in theory, would be a discussion of 
the genus of the entire functions involved and the distribution of zero’s of D(A). 
This subject is discussed by Lalesco and Vivanti. 

The author has been criticized elsewhere for not including material in his 
discussion other than merely of the early days of the subject. The Moore 
generalizations, the Volterra generalizations, the relation to functional equations 
are all much studied nowadays. Perhaps it might have been worth while in 
the treatment of the Hilbert-Schmidt theory to bring out clearly the connec- 
tion of that theory with the theory of quadratic forms. But I should like to 
dwell a little on the subject of calculation, which is related to section 25 of the 
text. 

There seems to be a conviction in the minds of many, very often expressed, 
that one cannot calculate the terms in the Fredholm expansion of the solution 
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of an integral equation, without evaluating determinants and performing in- 
tegrations of successively increasing order. Let us first dispel that illusion. 
We write the equation, in order to avoid alternating signs in the development, 
in the form 


(1) (a) = f(a) “K(x, s)u(s)ds 
with solution in the form ; 

(2) = f(a) — »f "Hn, 5, 
where the resolvent kernel 


k(x, y, = 


satisfies and is determined by the equations 


b 
(3) K(x, 9)—#(x, y, af K(x, s)R(s, y, = af k(x, s, )K(s, y)ds. 


a 


If now we write 


= Ao(x, y) + AAi(x, y) y) 


=1+ rai 
the equation (3) yields the relations 


(4) Ao(x, y) = K(x, y) 


b 
A,(x, y) a,K(x, y) -f K(x, S)Api(s, y)ds, p 1, 2, 
As is well known, the equations (4) taken with the further relation 
b 
(S) pa, = f A,-1(s, s)ds, 


determine precisely the Fredholm solution of the integral equation.' 

In other words the pair of equations (4), (5) constitute recurrent relations 
to determine successively a;, Ai(x, y), - - @p, Ap(x, y), - if the integrations 
can be performed. It is for the theory that the determinants 


K(x, yi) +++ Yn) 


K (xn, y1) Yn) 


1 Lalesco, Introduction a la théorie des équations intégrales, (Paris 1912), p. 26. 
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and their integrals have their uses. They seem to be necessary, for instance, 
in order to prove the convergence of the two series. 

For purposes of calculation, special] forms of the kernel may be handled in 
special ways. Thus if the kernel is of the form K(x, y)=Ki(x—y)+K2(x+y), 
where K,(¢) and K2(¢) are periodic with period b—a, the resolvent kernel is of 
the same kind and may be determined directly by expansion in Fourier series. 
The student will do well to study a kernel of the form K(«—y) for an interval 
(—7, 7) in this way; and if he uses complex numbers when he can, a multitude 
of results will flow forth with such a simplicity and directness that it would be 
a pity to spoil his delight by a printed exposition of the subject. Whittaker 
and Robinson, in their book on interpolation, handle kernels related to these in 
another fashion. 

A second special form, important because it contains the general poly- 
nomial and any continuous kernel may be represented to an arbitrary approx- 
imation p by a polynomial, is the form already mentioned with reference to 
section 25: 


(6) K(x, y) = ai(x)bi(y) + + an(x)da(y) 


where for simplicity we shall take the sets of functions a;(x), b;(y) each as linear- 
ly independent. Incidentally the part (b) of Lovitt’s theorem on page 69 is 
partly false. If, with Lovitt (changing \ to —\ for convenience), we write 


we shall obtain from (1) the explicit solution 
u(x) = f(x) — NMai(x)Ki + + an(x)K,) 


if we can solve the equations 


b 
for the constants K,---, K,. This can be done provided the determinant 
H() = Car 1+ Con 
ACre 1 + Mn 


is not zero. It is obviously not identically zero. 
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In the text, and in some others, this determinant is called D(A) without 
more ado. The fact is correct, but not by Revelation. It requires proof, since 
the expression of the resolvent kernel as a ratio of two entire functions of \ is 
not uniquely determined.' 


We write Cu Ce 
H(A) = 
Cu Can 
On the other hand, by direct examination of the determinants in @y4:, - - - , it 


is seen that these are all zero, so that D(A) is itself a polynomial of degree not 
higher than nv. It is not difficult to show that a,=h,. In fact, we have by 
definition 


@1(s1)bi(Sn) + + dn($1)bn(Sn) 


tiie: 
and this again is seen to be 


by writing the first determinant as the product of two factor determinants 
| a;(s;) | and | bm(sx) | , and then combining the rows and columns in another 
way to form a new product. 

But this last integral is the sum of m/ identical integrals /,, the rest being 
zero identically through the elementary properties of determinants. Since 
every root of D(A) is a pole of the resolvent kernel and is therefore a root of 
H(A), it follows that if all the roots of D(A) are distinct D(A) is a factor of H(A), 
and if ~0 it follows therefore, since 4) =a)=1 and h,=a,, that D(A) =H (A). 
The exceptional cases may be taken account of by a familiar principle of con- 
tinuity, although it is a continuity of functionals which is involved. Thus, if 
for given functions b;(y), 4, were zero for all a;(x), it would follow that the 
bs(y) were linearly dependent. There cannot be identically multiple roots of 
D(A) for kernels of the form (6), since the contrary is known for kernels of 
special types.’ 


1 An extended proof is given for instance by E. Goursat, Bulletin de la Societé Mathématique de 
France, vol. 35 (1907), p. 163. 
2 See for instance, Lalesco, loc. cit., p. 36. 
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Given any kernel K(x, y) we can calculate the resolvent kernel, the char- 
acteristic values, and so on, approximately by replacing K(x, y) by a uniformly 
approximate polynomial. It is important to establish this fact completely, and 
to know the order of the error and of the shift in the characteristic values— 
since obviously all but a finite number of these move off to infinity. The quan- 
tities mentioned are functionals of K(x, y); the problem therefore is one of the 
differentials of functionals, and depends on finding the differential of the deter- 


minant 
V1 Vn Sp 
This is of course the sum of m+ determinants, each linear in 5K (x, y), and 
is thus easily written down; it is hardly worth while here to give a symbolic form 
for it. By means of it the following formulae may be verified formally, re- 


membering that the s:,--- ,s, are merely arguments of integration. 
We shall have, in fact, 


+ ») f 
N° °° In 
1 a V1 “ee . . . ee 


Xn 


f »)D ( ) akan, 
2) 


of which special cases are the following : 


x x b 
y a 
a 


b 


b b 
6D(d) = f #)dt — f aK(E, 


a 
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From (8) we obtain the value of 5u(x) if \ is not a characteristic value, and from 
(7) the approximations to the new fundamental solutions if \ is a character- 
istic value. For purposes of calculation it will be convenient to consider the 
quantities in this equation as relating to the approximate kernel, which may 
be taken as K(x, y), rather than the given kernel. 

The new characteristic values, which correspond to a given > where 
D(Ao) =9, will be the roots of the equation 


(9) (D + 6D)(% + dd) = 0. 


If Xo is a root of multiplicity m and of index q (i. e., with g corresponding char- 
acteristic functions), we shall have D‘™ (9) #0, and usually 


40 


as the derivatives of lowest order which are not zero, since 


Sq 


Hence (9) becomes 


1 Xo af 
— + f 5K(E, 


(q 1)! d »7 »Ao 


b 
+ rof 5K(é, 
(10) : 


This relation shows that d\"~‘+! is an infinitesimal at least of the first order 
in p=max.| 6K(x, y)|. If the index is equal to the multiplicity, as with a 
symmetric kernel, we have g=n, and d) itself is of the first order, or, in except- 
ional cases, higher order. 

Further discussion of these questions is evidently desirable. The formulae 
given above depend for their justification on some inequalities obtained by 
Tricomi, who thus gives upper bounds for the changes in D(A) and D(r, y, \) 
although he does not give any of the differential formulae or consider the 


and 
Xq 
0. 
V1 “ee 
or 
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characteristic values.! He notices the fundamental fact that the evaluation of 
the bounds which he gives depends upon the properties of the single transcen- 
dental function 


Q(x) = (m!2/n!)a < (1 + 
n=0 
whose values and differences he tabulates. Here again further work is desirable 
since this function and its derivatives are dominating functions in the formulae 
given above. 

Much earlier work was done by Mrs. Rachel B. Adams.? In this, ine- 
qualities are given for the change in D(A) and for the shift of parametric 
values, yielding a different kind of information from that in (10). Also a theorem 
is stated on the relation between the fundamental functions of the approximate 
and the given kernels for the corresponding values of \, that the normalized 
fundamental solutions for one kernel are approximated to by linear combinations 
of the normalized fundamental functions of the other.® 

The length of the present article probably needs an apology. But the text 
is one that has been and will be read by many a reader of this MONTHLY, and 
it is hoped that this review will, in connection with the text, orient him in 
respect to the subject. In praise of the book it may be said that it is clear and 
easy to read; the student must however follow the maxim that no book on 
mathematics should be read without pencil and paper. 

G. C. Evans. 


Automorphe Funktionen. By L. ScCHLESINGER. Gédschens Lehrbucherei, 
I Gruppe, Band 5. Berlin, Walter de Gruyter & Co., 1924. x+205 pages. 

This book gives a readable, systematic account of a considerable portion of 
Poincaré’s theory of the automorphic functions. It is a much briefer work than 
the Klein-Fricke treatise, and does not, as do the books of Fubini and Giraud, 
start with functions of several variables. For these reasons it will possibly be 
more useful to beginners than the books on automorphic functions already 
available. 


1 Rendiconti della Reale Accademia dei Lincei, vol. 23 (1924) 1° sem., p. 483 and 2° sem., p. 26. 
From Mrs. R. B. Adams I have the information that a result equivalent to that expressed by (10) is 
given, and differential formulae obtained, also differentials of higher order, by H. Block, Acta Universi- 
tatis Lundensis, Nova Series, Med. Matem. och Natur, vol. 7 (1911). We may regard either kernel, of 
course, aS an approximation to the other. 

2 Thesis in candidacy for the degree of Doctor of Philosophy submitted to Radcliffe College (1921), 
not yet published. Mrs. Adams kindly has sent a summary of a portion of this thesis to the writer of 
this review. 

5 For the terminology, see Lalesco, loc. cit., p. 55 and p. 57. 


| 
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Schlesinger starts with the simplest examples of the automorphic functions, 
considering in turn x”, e* and certain elliptic functions. He then develops the 
theory of Fuchsian functions of genus zero, using Poincaré’s theta series to 
establish the existence of such functions. The book concludes with a chapter 
on the uniformization problem. A detailed treatment of the Riemann mapping 
problem, from the most modern point of view, is contained in this chapter. 

Schlesinger seems to accomplish well what he sets out to do. His book will 
facilitate the movement of students through a theory in which great results 
stand behind masses of thorny details. 

J. F. Ritt 


Lehrbuch der Mathematik: Eine Einfiihrung in die Differential- und Integral- 
rechnung und in die Analytische Geometrie. By G. SCHEFFERS. Sixth edition. 
Berlin und Leipzig, Walter de Gruyter & Co., 1925. 743 pages. 

This book represents a thorough revision of Professor Scheffer’s Lehrbuch, 
which first appeared in 1905 and has since that time gone through six editions. 
It was written primarily, as the author says, for students of the natural sciences 
and engineering, who wish to acquire a sound working knowledge of higher 
mathematics by themselves. And it may be doubted whether any book could 
fulfill this avowed purpose more completely, especially if used by students as 
mature as those usually found in the first semesters of continental universities 
and technical schools. 

The voluminous character of the work is due to the fact that very little 
mathematical equipment on the part of the reader is presupposed, it being 
taken for granted that he has forgotten a good deal of his school mathematics. 
Accordingly, one finds such things as linear functions, quadratic equations, 
logarithms, and trigonometry treated. However, the presentation of these 
elementary topics is not of the perfunctory kind so often met with, but contains 
much that is novel and interesting. This is especially true of the chapter on 
logarithms, which clearly reveals, as F. Klein remarked in his “Elementar- 
mathematik vom héheren Standpunkte aus,” the eminent pedagogical ability 
of the author. He starts with the integral {7 dx/x, and then develops the proper- 
ties of the logarithmic function from this point of view. 

In the chapters on analytics, both plane and solid, it is unusual to find the 
author stating explicitly in each instance whether or not the validity of a 
theorem is dependent upon the choice of the same unit for all codrdinates 
involved. 

The topics from the differential and integral calculus which are taken up, 
are those usually found in a standard treatise, but the customary separation 
of the subject matter into two distinct parts is not adhered to. The proofs 
given are lucid, and all assumptions as to continuity, existence of derivatives, 
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etc., are carefully stated, but unnecessary generality is avoided where it might 
confuse the student. A wealth of excellent figures accompanies the text. 
There are almost no formal exercises for the student, but a great profusion of 
illustrative examples are worked out in complete detail, and taken from the 
most varied fields of application. In some instances five or more pages are 
devoted to a single example. A case in point is the derivation of the probability 
integral. As an illustration of periodic functions, Fourier’s series are studied 
at considerable length. 

As an amusing detail, the reviewer notes that on p. 59 the author criticises 
the practice of speaking of “positive” and “negative” sign, instead of “plus” 
and “minus” sign. On p. 230, in the statement of Theorem 5, we find him using 
the very phrase he objects to. 

There seem to be very few misprints. The reviewer noted only one of any 
consequence, namely at the foot of p. 80, where a A is misplaced. The 
typography and paper of the work are excellent. 

H. Betz 


The Fourth Dimension and the Bible. By W. A. GRANVILLE. Boston, R. G. 
Badger, 1922. 119 pages. Price $1.50. 


In the preface to this work Dr. Granville has materially assisted the critics 
by frankly reviewing in two sentences his own production. He says: “The 
author’s chief aim will be to point out the remarkable agreement which exists 
between numerous Bible passages and some of the concepts which follow quite 
naturally from the mathematical hypothesis of higher spaces. In making this 
attempt the author is well aware that he is on a ‘no man’s land’ exposed to fire 
from the mathematical trenches on the one side and the theological trenches 
on the other.” 

The statement is perfectly true; he will receive little favorable comment 
from the mathematician, because his treatment of higher spaces is, as he doubt- 
less intended it should be, for those who know no mathematics. From the 
theologian he will receive scant praise because his treatment of theology is, 
as he doubtless intended it should be, for those who know no theology. As 
to the layman with respect to both fields, this individual will be inclined to 
look upon the book as one which, as should be the case with the product of a 
mathematician’s pen, draws conclusions,—but the chances are that he will 
question all of the latter, or at any rate that he ought to do so. When a man 
reads the fourth dimension into the phrase, “When I consider thy heavens,” 
he opens himself to the possible immortality of being embalmed in a new “Bud- 
get of Paradoxes” by some future De Morgan, and similarly when he sees higher 
orders of space in such phrases as “caught up into the third heaven,” “Behold, 
I create new heavens,” and “the heaven of heavens cannot contain thee.” 
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It would be rather unbecoming to seek to ridicule an earnest effort to ex- 
plain certain passages in the Scriptures by postulating dimensions higher than 
what we commonly conceive to be our own, just as it would show poor taste 
to smile at old Father Bongo’s voluminous treatise on the mystery of biblical 
numbers. Nevertheless, it must frankly be said that Dr. Granville has shown 
no originality in his treatment of the fourth dimension, that his essay is written 
in an unfortunate style, and that the conclusions which he seems to attempt to 
draw from certain poetic phrases in the Bible are far-fetched and serve rather 
to render them meaningless than to give them new and inspiring significance. 


Davip EUGENE SMITH 


Haupizdlze der Elementarmathematik. Ausgabe B. By F. G. MEHLER 
and A. ScHUELTE-TIGGES. Berlin, Walter de Gruyter & Co., 1925. (1) Text, 
254 pages. (2) Problems, bound separately, 89 pages. 


This is the second volume of the work of Dr. F. G. Mehler, revised by A. 
Schuelte-Tigges, and the accompanying problem book. It is designed for use as 
a text-book. The student would need about the same quantity of preparation 
as is required for admission to our American colleges, but the quality would 
need to be higher. The individual chapters are developed as units in orderly 
fashion, but there is no attempt apparently to weld the chapters into a larger 
unit. This is probably done deliberately, so that teachers desiring to give briefer 
courses can omit entire chapters without any difficulty. The discussions in the 
text are brief, but suggestive, and lead up to the theorems naturally. Much more 
is left to the labor and to the imagination of the student than is done in the 
American text of the same grade. In trigonometry, for example, no numerical 
examples are worked out in the text. The content of the usual high school or 
freshman text in trigonometry is covered in a chapter of sixteen pages. It 
contains the usual goniometry, trigonometric equations, and similar topics. 

As compared with a survey book like that of Lennes' it contains many times 
the material and is diametrically different in its aims. Lennes aims to make 
mathematics alive and to show how it connects up with life. Mehler develops 
an amazingly large amount of mathematical theory with an even more sur- 
prisingly small amount of references to, or illustrations by, applied problems. 
The most marked exceptions are the section on interest, annuities, and life in- 
surance as illustrations of series, and the brief reference to the application of 
plane trigonometry in surveying and of spherical trigonometry in astronomy. 

The very multiplicity of topics treated renders a brief summary impossible. 
A statement of the general content of each of the ten chapters should be sugges- 


1N. J. Lennes, A Survey Course in Mathematics (New York, Harper and Brothers, 1926). 
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tive. The order of the chapters will be interesting to one who has not seen 
the earlier editions or possibly some similar foreign text. 

Chapter I is a brief summary of Modern Geometry based on harmonic 
points and pole and polar properties of the circle. Chapter II is Descriptive 
Geometry. All the ordinary central and parallel projections, including Mer- 
cator’s, are discussed. Chapter III is the synthetic treatment of the conic 
sections. This is worth reading by any young teacher of mathematics. The 
Conics are developed (a) from the locus definitions, (b) as sections of a cone, 
(c) as projections of a circle, and (d) from the modern projective view point,— 
all within the compass of twenty-five pages. 

Chapter I1V—entitled Arithmetic and Algebra—covers all the topics of the 
usual College Algebra, plus an extended discussion of the nature of the different 
kinds of number, and the laws of combination and operation in arithmetic, 
including the complex number. 

Chapters V, VI, and VII are devoted to Plane Trigonometry, Solid Geome- 
try, and Spherical Trigonometry respectively. The trigonometric functions 
are developed as projections in a unit circle,and the formulas for angles differing 
from x by multiples of 90 and 180 degrees are derived at once from the figure. 

Chapters VIII and IX are devoted to Differentiation and Integration 
respectively. There are the usual applications to maxima and minima, equations 
of tangents to curves, curvature, plane areas, volumes, etc. The study is not 
limited to algebraic functions. 

Chapter X is Plane Analytic Geometry. No study is made of higher plane 
curves. The conic sections are treated in both cartesian and polar coordinates. 

Although the book is not likely to be adopted as a textbook in any American 
schools under the tendencies now prevailing, it should prove interesting to the 
teacher or any other reader interested in the content or teaching of elementary 
mathematics, if the reading of the German is not prohibitive. 

The problem book is a collection of over one thousand geometrical examples 
and problems of varying degrees of difficulty. The problems are classified to 
correspond to the chapters and paragraphs of the text. There are no general 
review lists. There is, as might be expected, very little of novelty in the list, 
but the teacher looking for new examples will find in this one volume a collection 
of suitable examples or suggestions for reviews and tests covering a wide range 
of topics. There are also some originals which should prove useful as outside 


work for the better students. There are no answers. 
Daviv D. LEB 


ARTICLES IN CURRENT PERIODICALS. 


The lists appearing regularly in the Monthly of articles in current periodicals are intended 
to include (1) titles of papers in all mathematical journals published in the United States; (2) 
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titles of mathematical papers and reports published by the national and state academies of science 
and in journals devoted to general science; (3) titles of mathematical papers by Americal authors 
published in foreign journals. 


Annals of Mathematics, Volume 27, No. 4, September 1926: ‘On classes of ideals in a quadratic 
field” by H. H. Mitchell, 297-314; “(Developments in Legendre polynomials” by M. H. Stone, 315-329; 
“On certain two-dimensional varieties of order } r(r—1) in r space and certain curves on them” by B. C. 
Wong, 330-336; ‘‘On class number relations implied by representations as sums of an odd number of 
squares” by E. T. Bell, 337-348; “Table of quadratic residues” by A. A. Bennett, 349-356; ‘‘Anhar- 
monic groups” by A. S. Hathaway, 357-362; “Some genera! determinant theorems in tensor notation” 
by C. M. Cramlet, 373-380; ‘Some conditions under which a continuum is a continuous curve” by H. M. 
Gehman, 381-384; “Successive derivatives of a function of several functions” by L. S. Dederick, 385-394; 
“Plane cubic curves in the Galois fields of order 2”” by A. D. Campbell, 395-406; ‘On certain deter- 
minant relations” by W. H. Metzler, 407-420; “On the decomposition of tensors” by J. W. Alexander, 
421-423; “Flow in a Mébius strip” by B. O. Koopman, 424-426; ‘“‘A class of reciprocal functions” 
by E. Hille, 427-464; ‘‘Some extensions of the generalized Kronecker symbol” by J. J. Nassau, 465-470; 
“On the indeterminate equation /?— p* Du?=1” by D. H. Lehmer, 471-476; “The operations of Boolean 
algebras” by O. Frink, 477-490; ‘A proof of Petersen’s theorem” by O. Frink, Jr., 491-493; ““Geometry 
of a set of m functions’’ by L. Ingold, 494-510; “Irregular fields” by E. T. Bell; “On the approximate 
solution of the integro-differential equations of mathematical physics” by N. Kryloff, 537-540; “A 
new proof of Parseval’s identity for trigonometric functions” by J. Tamarkin, 541-547; ““Tensors whose 
components are absolute constants” by T. Y. Thomas, 548-550; ‘Some convergence proofs in the 
vector analysis of function space’ by D. Jackson, 551-567; ‘Harmonic cubics” by T. R. Hollcroft, 
568-576. 


Bulletin of the American Mathematical Society, Volume 32, No. 5, September-October 1926: 


“The Borel theorem and its generalizations” by T. H. Hildebrandt, 423-474; ‘Some recent work in 
the calculus of variations” by A. Dresden, 475-521; “Note on the Mersenne number 2"°— 1” by D. H. 
Lehmer, 522; “On the serial relation in Boolean algebras” by B. A. Bernstein, 523-524; “Note on horo- 
spheres by J. Pierpont, 524-528; ‘Some theorems concerning measurable functions” by L. M. Graves, 
529-532; “‘A general theory of representation of finite operations and relations” by B. A. Bernstein, 
533-536; Isolated singular points of harmonic functions” by G. E. Raynor, 537-544 “A list of errors 
in tables of the Pell equation” by D. H. Lehmer, 545-550. 


Mathematische Annalen, Volume 96, Nos. 3-4, October 1926: ‘Uber die Entwicklung einer 
analytischen Funktion nach Polynomen”’ by J. L. Walsh, 430-436, “Uber die Entwicklung einer Funk- 
tion einer komplexen Verinderlichen nach Polynomen” by J. L. Walsh, 437-450. 


PROBLEMS AND SOLUTIONS 


EpiTep By B. F. FINKEL, Otro DUNKEL, AND H. L. Otson 


Send all communications about Problems and Solutions to B. F. Finkel, Springfield, Mo. All manu- 
scripts should be typewritten, with double spacing and with a margin at least one inch wide on the left. 


PROBLEMS FOR SOLUTION 


N. B. Problems containing results believed to be new, or extensions of old results are especially 
sought. The editorial work would be greatly facilitated if, on sending in problems, proposers would also 
enclose any solutions or information that will assist the editors in checking the statements. In general, 
problems in well-known textbooks or results found in readily accessible sources, will not be proposed as 
problems for solution in the Montuty. In so far as possible, however, the editors will be glad to assist 
members of the Association with their difficulties in the solution of such problems. 


f 
| 
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3244. Proposed by V. M. Spunar, Chicago, Illinois. 

Divide a triangle by two straight lines into three parts, which when properly arranged shall form 
a parallelogram whose angles are of given magnitudes. 

3245. Proposed by A. A. Bennett, Lehigh University. 

Let r=f(x+y+2), s=f(x—y—z), t=f(—x+y—2), u=f(—x—y+z2). Obtain in symmetrical form 
with as little computation as possible the algebraic identity inr,s,t,u, for each of the three cases, f(x) 
=sin x, cos x, tan x. 

3246. Proposed by Daniel Kreth, Wellman, Iowa. 

From a point within a square, lines drawn to three of the vertices are 30, 40, and 50. Required the 
side of the square. A geometrical solution is desired. 

3247. Proposed by Nathan Altshiller-Court, University of Oklahoma. 

When can two conics be projected into two orthogonal circles by a real projection? 


3248. Proposed by F. A. Foraker, University of Pittsburgh. 
Construct a triangle, given the sum of two sides, the third side, and the bisector of the angle oppo- 
site the third side. 


3249. Proposed by Otto Dunkel, Washington University. 


If and 
Sran-t Sram Sr+2n—2 
prove that 


dD 
— = (r + 2n — 1)D’ 
dx 


where D’ is the determinant D with the subscripts of the last row increased by unity. 


3250. Proposed by Norman Anning, University of Michigan. 
Give, in a form suitable for high school students, a proof of the theorem that when the perimeter of 
a triangle is given the area is greatest when the triangle is equilateral. 


SOLUTIONS 


3175 [3171; 1926, 105]. Proposed by Philip Fitch, Denver, Colorado. 


A right circular cylinder with a diameter d is composed of wood and metal. The wooden part is / cm 
long and has a density s. The metal part is /’ cm long and has a density s’. If it is allowed to float in 
still water, what angle will the axis of the cylinder make with the surface of the water? 


SOLUTION BY Horace S. UHLER, Yale University. 


Case 1. The plane of the water surface intersects the lateral surface of the compound cylinder 
only, so that the lower metal base is entirely submerged while the upper wooden base is entirely above 
water. 

In any case two conditions must be fulfilled in order to maintain equilibrium: (a) the algebraic 
sum of the vertical forces must equal zero, and (b) the algebraic sum of the moments of these forces 
about any horizontal axis must vanish. 
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(a) Total force vertically downward =7a?(/s+1’s’)g, where a equals d/2. Let \ denote the length 
of the submerged portion of the geometrical axis of the cylinder. Then the total force vertically up- 
ward=7a*Apg, where p symbolizes the density of the water (or of any suitable liquid). For equilibrium 
of translation: 


(1) lo +1'o’ where = s/p and a’ = s’/p, 


that is o and o’ are specific gravities. 

(b) Take moments with respect to the horizontal diameter of the lower base of the metal cylinder. 
Let 6 denote the angle required in the problem. The weight of wood equals wa*/sg, with the lever arm 
(#1+1’) cos 0, so that the moment is za%sg(3/+1’) cos 6. Similarly the moment of the weight of the 
metal is xa*/’s’g(4l’) cos 8. Total moment tending to decrease @ equals 


ma?g($l2s + + 31's’) cos 0. 


The displaced water may be conveniently analyzed into the volume of a right circular cylinder of 
altitude \—a cot 6 plus the volume of the remaining cylindrical ungula truncated by the plane of the 
water surface. 

Weight of water in right cylinder is ra?(A—a cot 0)pg, with lever arm }(A—a cot 8) cos @, hence the 
corresponding moment tending to increase @ equals $7a*pg(A—a cot 0)? cos 6. 

It will be shown below, as a lemma, that the codrdinates of the center of mass of the ungula are 
£=5a/4 and 7=5a cot 6/8. The origin of codrdinates is here taken as the point common to the circular 
and elliptic sections of the ungula. Z lies along a diameter of the circular section and 9 is parallel to the 
generatrices of the lateral surface of the truncated cylinder. The orthogonal projection on the surface of 
the water of the vector sum +9 equals @ sin6+ cos @ so that the lever arm for the weight of water 
in the ungula is \ cos +2 sin 0+ cos 6—a csc 6 or A cos 6+(a/8)(5 sin @—3 csc 6). The volume of 
the ungula, being half that of aright cylinder of altitude 2acot6, equalswa*cot@. The corresponding 
moment tending to increase @ becomes ra*pg[\ cos 6+(a/8)(5 sin @—3 csc 8)] cot @. Combining the 
preceding results conformably to the condition for rotational equilibrium gives: 


(2) a? cot? @ = + 2il’s + Ie’) — 2a? — 
Substituting A from equation (1) in (2), and reducing, the following final formula is obtained: 
(3) tan@ = a{ 2[2)o(1 — 0) — 2I'(2le — 1) —a*]}~ 


Case 2. The plane of the water surface intersects one, or both, of the ends of the given compound 
cylinder. The two conditions for equilibrium can be expressed by equations without excessive labor, but 
it does not seem possible to eliminate \ and to obtain a single equation in @. The difficulty arises from the 
occurrence (explicitly or implicitly) in the equations of the angle(s) subtended at the geometric axis 
of the cylinder by the water line(s), or horizontal chord(s), across the partially submerged base(s) as 
well as the sine and cosine of the same angle(s). 

The results for the case where the lower metal base is wholly submerged while the water line across 
the upper wooden base subtends an angle 2a at the center of the base will be given without proof. Let 
¢=cos a, e=sin a, /=tan 6 then the equations corresponding to (1) and (2) above are respectively: 


(1’) — 0) — 1)]t — a[3c(w — a) + e(2 + c*)] = 0, 
(2’) 24ra[l(1 — — 1) — 6{ + + 3a — 3ce — 
+ + — 1) — P(A — + — — — 1) 
— a*[3(r — a)(1 + 8c — 4c*) + e(16 — 3c + 8c? — 6c8)] = 0. 
The expression for ¢, as given by equation (1’), may be substituted in equation (2’) thus producing 
a single equation in a, sin a, and cos a. When appropriate numerical values are given for the other 
symbols the resulting equation can be solved approximately for a. Then @ may be found most conven- 
iently by putting the value of a in equation (1’). 


When the water surface intersects both bases of the cylinder the equation for rotational equilibrium 
becomes more complicated than (2’). 
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Illustration. The following numerical example brings out the salient features of the given problem 
very clearly. Let /’ vary while keeping o=0.4, o’ =8.5,1=3.31 cm, and a=4/(1.1928) cm. 
The upper base of the cylinder will be “awash” when 


=1(1 — 1) or l’ = 2.648 cm. 


As 1’ decreases from this value the axis of the cylinder will remain vertical and the denominator 
of equation (3) imaginary, since the equation does not apply, until /’ attains the value which makes 


this denominator vanish: 
= — — — Io(20’ — 2)3/2 


(3) a'(20’ 2)1/2 


or /’ = 1 cm., exactly. 


When vertical, the height of the upper base above the water level is given by z=/1(1—c) —l’(¢’—1) 
and this equals 12.36 cm for /’=1 cm. 


Decreasing /’ farther causes formula (3) to be valid and @ to decrease until the water surface just 
touches the lowest point of the upper base. Then 


a 


(4) 
Eliminating /’ between equations (3) and (4) gives 
2[212(1 — «)(o’ — «) + a%(o’ — 1) — 8al(o’ — o)t + a%(50’ — 1) = 0, 


or whence #:=0.08134573030, 4°39’ 1.9”, 
0.857857 cm. The root t= 0.02854723429, 6.= 1°38’ 6.7’’, leads to the inadmissible negative value of 
—2.453037 cm. 

The submerged length of the uppermost generatrix of the cylinder is now 2;=/+/{ —2a/t; or 
7.10571 cm. 

As I’ continues to decrease equation (3) no longer holds and the domain of equations (1’) and (2’) 
has been entered. Eventually the lower base of the cylinder will have risen until its highest point lies in 
the plane of the water surface. “Then ¢=a(1+-cos a)/(/+/’) and the boundary of the domain has been 
reached. After this both bases of the cylinder will be partly above the water surface until finally, when 
}’=0, the level condition 6=0 will be attained. 

Lemma (vide supra). As element of volume dr take a plane lamina normal to the axis of x, and let 
the angle subtended at the center of the circular base by the intersection of the plane of the lamina with 
this base be symbolized by 2£; 


dr = (dx)(x cot 6)(2asint), =a+acosé. 


= 2a 


5 
x= = — =—] (1+ cos £)? sin? tdt = 
f 
dm 
To obtain 5 take a plane lamina parallel to the circular base as element of volume dr’. 


dr’ = (dy)a*(~ — cost), y = a(1 + cos cot@. 


+ cos — sin cos £) sin tdé 


= (5a cot 6)/8. 


f dr’ 
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3177 [3173; 1926, 159]. Proposed by Samuel Beatty, University of Toronto. 

If X is a positive irrational number and YF its reciprocal, prove that the sequences 
(1+-X) 2(1+X) 3(1+X) 
(1+Y), 2(1+Y) , 3(1+Y),--- 


contain one and only one number between each pair of consecutive positive integers. 


I. SOLUTION JoInTLy By Dr. A. OsTROWSKI, Gottingen, AND Dr. J. 
Hystop, Glasgow. 


No member of either sequence is integral. Beneath any positive integer N, lie [V/(1+X)] members 
of the first sequence and [V/(1+Y)] members of the second sequence. Now 


N 4 XN 
£42 


(1) N. 
Since X is irrational, N/(1+X) and N/(1+Y) contain non-zero fractional parts, whose sum, being 
by (1) integral, must be unity. 

Hence [V/(1+X)]+[N/(1+Y)]=N—1, and this is the total number of members of the sequences 
beneath NV. Similarly, there are altogether VN members of the sequences less than N+1; and so exactly 
one member lies between N and N+1. 


II. Sotution By A. C. AITKEN, University of Edinburgh. 


We shall first prove a similar theorem concerning rational numbers. 
THEOREM. Let x=p/q, y=q/p, where p and q are positive integers prime to each other, and p<q. 
Then the sequences 


M1, a =i(1+-2), 
hi, be, by, bj = + 9), 


are such that the corresponding sequences I(a;), I(b;) are the integers 1, 2,- ++, p+q—2 in some order 
without repetitions or omissions, where I(c) means the largest integer in c. 

Proor. The omitted integers in the sequence J(a;) may be determined as follows: amn=m-+-mpq"! 
=m-+k-+rq-1, where k and r are positive integers such that mp=kq+r, r<q. Then ¢m.=m—1+k+ 
(r—p)q. Hence the integer m+-k—1 is omitted, if and only ifr<. But if this omission occurs, I(5,) is 
precisely the omitted integer, for b,=k-+kqp1=k+m—rp™. Form by division the sequence of equa- 
tions, 


(1) 


mp = q+n, 
mop = 2q + 
(2) 1sn<p<gq, 


kSp—l. 


mep = kq + rr, 


It is clear that m,;=2 and that mp=m,_1;+1. Hence the omitted integers are m, mo+1, ms+2,°-°-, 
M_1+p—2, which is precisely the sequence J(5;). We shall now use this result to prove the theorem 
of the problem. 

If X is an irrational number, 0<X<1, Y=1/X, we can approximate to X by an ordinary con- 
tinued fraction for which p/q is a convergent. Then X—fg'=a=6.¢"%, Y—gqp'=ea=6:p7, 
where |@;|<1. By the theorem just proved the integral parts of the terms of the sequences 


159 
: 
: 
i(i+X+a), 
(i+V¥+e), 
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are the integers 1, 2, - - - , p-+q—2insome order. Since |ie,|<q7}, |je2|< p71, by increasing the order 
of the convergent ~/g we can increase p and g indefinitely. These sequences approach, therefore, the 
sequences of the problem and the desired result is thus established. 


Also solved by L. R. Forp, HARRy LANGMAN, and F. L. WILMER. 


3178 [3174; 1926, 159]. Proposed by Nathan Altshiller-Court, University of Oklahoma. 


Construct a triangle given an angle, the difference of the including sides, and the altitude to the 
third side. 


SOLUTION BY THEODORE BENNETT, University of Illinois. 


Let the given angle be 20= ZQOP, the altitude 4, and the difference of the including sides 
d=OQ-—OP. Let ¢ be the angle between h and the bisector of the angle QOP. Then h=OQcos(¢+6) 
=OP cos (6—6@). Hence 


d= h{sec (@ + 4) — sec (@ — 6)] = 2hsin@ sin ¢/(cos* @ — sin? ¢). 


Setting z=d sin ¢, we have: 2?+2h sin @ z—d? cos? 9@=0. This equation has a positive root 2; anda 
negative root —ze, where 21:22=d? cos? 0, z2—2:=2h sin 

The construction is as follows. Bisect the given angle QOP and lay off on OP the lengths OH =h, 
HD=d. Drop the perpendiculars HF and DG on the bisector, draw the circle with center H and radius 
HF, and the line GH cutting the circle in C; and C2, in the order GC,HC2. Then z:=GC,=d sin ¢. It 
is clear from the construction that GC;<d. Construct on the bisector the angle ¢; so that sing; =GC;/d, 
the other side of the angle being in the direction of OP. On this side of the angle ¢; lay off OK=h. The 
perpendicular to OK at K will cut the sides of the angle QOP in the required points P and Q. 

The root ze does not furnish an angle ¢2 unless 2hSdsin@. If this condition is satisfied ¢2 may be 
constructed, but it does not furnish a solution of this problem. 

If P andQ denote the other two angles of the triangle ¢:=(P—@Q)/2,and hence the above formulae 
furnish means for solving for the angles P and Q and then for the sides OP and OQ. 


II. SOLUTION BY THE PROPOSER. 


Let ABC be the required triangle, so that angle A =A, AC—AB=d, AH=h, where A, d, and h 
are given. Let P, Q be the ends of the circumdiameter of A BC passing through the midpoint M of BC, 
the points P, A lying on the same side of BC, and let R, S be the feet of the perpendiculars from P 
upon AB, AC. We have 


(1) AR + AS = (BR — AB) + (AC — CS) = (AC — AB) + (BR — CS). 


Now P is equidistant from B, C; moreover A P is the external bisector of the angle A. Hence, from the 
two pairs of congruent triangles APR, APS and PBR, PCS, we have AR=AS, and BR=CS, and (1) 
gives 
AR = AS = (AC — AB)/2 = d/2. 
Thus in the quadrilateral ASPR we know the angle SAR=180°—A, the two sides AS, AR, and the 
angles R, S are right angles; hence this quadrilateral may be constructed. 
The point P lying on the circumcircle of ABC, the line RS is the Simson line of P with respect to 


ABC; hence RS passes through the foot M of the perpendicular PM from P upon BC. Let W, T be the 
traces of AP on BC and RS respectively. From the similar triangles WMP, WHA we have 


(2) PM : AH = PW : AW = PW : (PW — PA) 
and from the triangle PMW we have 


(3) PM* = PT.PW. 
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Eliminating PW from these two relations and noticing that PA -PT = PS?, we have 
(4) PM? — AH. PM — PS? = 0, 


where AH is given, and PS is known from the quadrilateral ASPR already constructed. 

To construct PM from (4), draw a circle on XY =AH =h as diameter and on the tangent at X 
lay off XZ=PS. The line joining Z to the center of the circle will meet the circle in two points U, V, 
and ZU, ZV are the two sought for values of PM (the shorter segment ZU is to be taken negatively). 

Now with P as center and ZV as radius draw a circle meeting RS in M. The perpendicular to PM 
at M will meet the sides A R, AS of the quadrilateral ASPR in the two other vertices B, C of the required 
triangle A BC. 

The point M must lie outside of the segment RS; hence only the longer segment ZV of the two seg- 
ments ZU, ZV may be used as radius. The second point of intersection M’ of the circle with RS will 
yield another solution of the problem congruent to the first and symmetric to it with respect to the line 
AP. 

Remarks. 1. Instead of PW we could have eliminated PM from (2) and (3), and obtained an equa- 
tion in PW. We would thus determine the point W, and the base BC is then the tangent drawn from 
W to the circle having A as center and has radius. 

II. A trigonometric solution of the proposed problem appeared in Mathesis for June, 1926 (p. 286). 

III. The above method of solution may also be followed in the case when instead of the difference, 
d, the sum s of AB and AC is given. The réle of the external bisector of A is then played by the in- 
ternal bisector of this angle. Thus we can solve the problem: b+c, A, h. 

IV. The problem 6+c, A, h was solved in this MONTHLY several years ago (1917, 329-330). The 
well known French mathematician Emile Lemoine solved this problem in 1885 in the “Journal de 
Mathématiques Elémentaires”’ (de Longchamps), p. 199. The problem was again discussed in “Mathesis” 
(1905, pp. 79-80), where several solutions are given. 


NoTE BY THE Epitors. In the above solution 2PM =d cot @ cos @csc @ and 2PS=d cot 0, where 
the angles 6 and ¢ are those used in the first solution. 


Also solved by DANIEL KrETH, HARRY LANGMAN, W. J. PATTERSON, and 
A. PELLETIER. 


NOTES AND NEWS 


Readers are invited to contribute to the general interest of this department by sending items to 
H. W. Kuhn, Ohio State University, Columbus, Ohio. 

Title pages for this volume (34) and the preceding volume (33), to be used 
in binding, are printed as the first pages of this issue of the Monthly. 


The Third Carus Mathematical Monograph on “‘Mathematical Statistics,” 
by Professor H. L. Rietz, is promised by the printer for April 10, and distribu- 
tion will begin immediately thereafter. 


Owing to unexpected and unavoidable delays in the final preparation of the 
plates for the Rhind Mathematical Papyrus, it has become necessary to post- 
pone the date of publication by at least two months. The first volume will soon 
be off the press, but the second volume, containing the plates, will probably 
not be ready before June. It is thought best to withhold the distribution until 
both volumes can be sent out together. 
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Associate Professor ALAN D. CAMPBELL of the University of Arkansas has 
been appointed associate professor of mathematics in Syracuse University. 


Associate Professor CLIFFORD B. Upton of Teachers College, Columbia 
University, has been promoted to a full professorship of mathematics. 


The following courses in mathematics are announced for the summer of 1927: 


University of Chicago, first term, June 20 to July 27; second term, July 27 to 
September 2. In addition to the usual courses in college algebra, plane analytical 
geometry and differential and integral calculus, the following advanced courses 
are announced. By Professor G. A. Buss: Calculus of variations; Thesis work 
in analysis. By Professor H. E. Staucut: Differential equations; Theory of 
definite integrals. By Professor E. T. BELL: Theory of functions of a complex 
variable; Theory of modular systems; Reading and research in the theory of 
numbers. By Professor H. H. MitcHeti: Introduction to higher algebra; 
Analytic theory of numbers; Reading and research in algebra and the theory of 
numbers. By Professor W. C. GRAUSTEIN: Analytic projective geometry; 
Metric differential geometry; Reading and research in differential geometry; 
By Professor Mayme I. Locspon: Differential calculus; Algebraic geometry of 
hyper-spaces; Reading and research in algebraic geometry. By Professor WAR- 
REN WEAVER: Electro-dynamics; Integral calculus; Reading and research in 
electro-dynamics. By Dr. WALTER BARTKy: Celestial mechanics; Descriptive 
astronomy. 


Columbia University, July 11 to August 19. In addition to courses in trigo- 
nometry, solid geometry, college algebra, analytic geometry, and calculus, 
and a series of courses for teachers of secondary mathematics, the following 
advanced courses are offered. By Professor E. R. HEprick: Theory of functions 
of a real variable; Fundamental concepts of mathematics. By Professor W. B. 
FitE: Higher algebra. By Professor G. A. PFEIFFER: Projective geometry. 
By Professor K. W. Lamson: Differential equations. 


University of Illinois, June 20 to August 13. In addition to the usual courses 
in college algebra, trigonometry, analytic geometry, and calculus, the following 
advanced courses are offered. By Professor J. B. SHaw: Synoptic course in 
higher mathematics. By Professor R. D. CARMICHAEL: Relativity. By 
Professor ARNOLD Emcu: Geometric transformations; Mathematics of statis- 
tics. By Dr. M. G. Carman: Advanced calculus. By Dr. F. E. JoHNnston: 
Theory of equations. 


University of Iowa, first term, June 13 to July 22. In addition to courses in 
algebra, solid geometry, trigonometry, analytic geometry, and calculus, the 
following courses are offered. By Dr. M. A. NorpGAArD: Subject matter and 


1927] NOTES AND NEWS 163 


teaching of mathematics. By Dr. L. E. Warp: Ordinary differential equations; 
Differential geometry. By Professor C. C. WytreE: Astronomy; Mathematics 
of finance; Celestial mechanics. By Professor Roscoz—E Woops: Projective 
geometry. By Professor J. F. Remtty: Algebra for high school teachers. Second 
term, July 25 to August 26. By Dr. M. A. Norpcaarp: History of mathe- 
matics. By Dr. N. B. Conxwricut: Differential equations. By Professor 
E. W. CHITTENDEN: Matrices and determinants; Introduction to the analysis 
of continua. 


Johns Hopkins University, June 28 to August 5. In addition to elementary 
courses the following graduate course will be given. By Professor J. R. MussEL- 
MAN: Projective Geometry. 


University of Michigan, June 27 to August 19. In addition to courses in 
algebra, plane and solid geometry, trigonometry, analytic geometry, elementary 
calculus, mathematical statistics, and the mathematical theory of interest and 
insurance, the following advanced courses are offered. By Professor W. B. Forp: 
Advanced calculus; Infinite series with special reference to Fourier series. By 
Professor L. C. KARPINSKI: Teaching of geometry; History of mathematics. 
By Professor PETER FIELD: Vector analysis. By Professor T. R. RUNNING: 
Empirical formulas. By Professor T. H. HitpEBRANDT: Theory of functions 
of a complex variable. By Professor H. C. CArvER: Theory of probability; 
Advanced mathematical theory of statistics. By Professor L. A. HopxKINs: 
Elements of mechanics. By Professor V. C. Poor: Differential equations. By 
Professor C. J. CoE: Analytic mechanics; Integral equations. By Professor 
NorMAN ANNING: Solid analytic geometry; Finite differences. By Professor 
J. A. NyswAnvER: Higher algebra. By Professor G. Y. RatnicH: Quadratic 
forms and quadratic numbers. By Professor R. L. WiLDER: Differential equa- 
tions; Analysis situs. By Mr. S. E. Fretp: Projective geometry. 


University of Minnesota, first term, June 17 to July 29; second term, July 
30 to September 3. In addition to the usual elementary work, the following 
courses will be offered. First term: By Professor DuNHAM JACKSON: History 
of ancient and modern mathematics. By Professor W. L. Hart: Differential 
equations. By Professor HART and Professor JACKSON: Reading in advanced 
mathematics. Second term. By Professor R. W. Brink: Selected topics in 
advanced mathematics. 


Ohio State University, first term, June 18 to July 23; second term July 25 
to August 31. In addition to courses in algebra, analytic geometry, calculus, 
and the teaching of secondary mathematics, the following advanced courses 
are announced. By Professor H. BLumMBERG: Introduction to the theory of 
functions of a complex variable; Problems in analysis; Reading and research 
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in analysis. By Professor H.W. Kuun: Analytic projective geometry; Finite 
groups; Reading and research in group theory. 


University of Pennsylvania, July 5 to August 13. In addition to the 
usual courses in solid geometry, trigonometry, college algebra, analytic 
geometry, and calculus, the following courses are offered. By Professor M. J. 
Babs: Theory of numbers. By Professor J. R. Kiine: Theory of functions of 
a real variable. 


Stanford University. By Professor Manning: Modern algebra; Groups of 
finite order. By Dr. Horeriinc: Analysis situs; Probability and statistics. 
By Dr. BRINKMANN: Differential equations; Theory of functions of a real 
variable. By Miss We!ss: Theory of functions of a complex variable. 


University of Texas, first term, June 8 to July 20. By Dean H. Y. BENE- 
pict: Advanced calculus. By Professor E. L. Dopp: Functions of real variables 
Probability. By Professor R. L. Moore: Theory of sets; Foundations of 
geometry. By Professor H. J. ETTLINGER: Mathematical physics. By Pro- 
fessor H. S. VANDIVER: Calculus. By Professor C. D. RicE: Advanced cal- 
culus. By Professor P. M. BATCHELDER: Theory of equations. By Professor 
Mary DEcHERD: Calculus. Second term, July 20 to August 21. By Professor 
A. C. Lunn (Chicago): Relativity; Crystallography. By Professor H. J. Err- 
LINGER: Calculus of variations; Mathematical physics. By Professor H. S. 
VANDIVER: Finite groups; Definite integrals. By Professor GotpIE Horton: 
Advanced calculus. By Mr. GorpoN WuyBurN: Calculus. By Mr. W. M. 
Wuyesurn: Calculus; All freshman courses, both terms. 


University of Wisconsin, General session, June 25 to August 5. By Professor 
L. W. Dow .inc: Projective geometry; Analytic geometry. By Professor 
J. H. Taytor: Differential equations; Theory of equations. By Professor R. W. 
Bascock: Analytical mechanics; Vector analysis. By Dr. J. S. GEORGEs: 
Teaching of high school and junior high school mathematics; Teaching and 
supervision of arithmetic. Special nine weeks course for graduates, June 25 
to August 26. By Professor E. B. SKINNER: Linear algebras; Theory of finite 
groups. 


Oberlin College, June 16 to August 4. By Professor W. D. Carrns: 
Teachers’ course in mathematics; Mathematics of finance, especially for 
teachers. June 22 to August 10. By Professor M. E. Sincrair: Introduction to 
calculus; College algebra (for teachers or engineering students). 


Bucknell University, July 5 to August 12. By Professor J. S. Gotp: In- 
tegral calculus; Advanced algebra; College geometry. By Professor H. S. 
EvERETT: Analytic Mechanics; Theory of numbers; Modern higher algebra. 


Every Modern Teacher and Every Interested 


2. 


Student of Mathematics Should Own 


a Plain-Scale Trinometer 


THE PLAIN-SCALE TRINOMETER. FRONT VIEW 


THIS IS WHAT THE PLAIN-SCALE TRINOMETER WILL DO: 


It solves all plane triangles, giving all the unknown parts at once. It 
finds their areas as the product of base and half-altitude. 


It may be used to find the sine, cosine, tangent, cotangent, secant, or 
cosecant of an acute angle. 


It evaluates automatically products of the type 357 cos 30° 25’, 493 cot 
43°, 837 sec 28° 48’, etc. 


By setting the two angles of observation and the distance between them 
it gives simultaneously the altitude of the object and the distance of its 
top and base from the points of observation. 


It humanizes and practicalizes the subject of Plane Geometry. 


It is a valuable aid in the study and in the practice of Civil, Mechanical, 
and Ordnance Engineering. 


As a reliable check upon very accurate trigonometric computations it 
has no equal. 


Price $25.00 Plus Postage and Insurance 


THE ROWE INSTRUMENT COMPANY 
WILLIAMSBURG, VA. 


Please Tell Advertisers Where You Saw This Advertisement 
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CONTENTS 


Information Bureau for Appointments 
Eleventh Annual Meeting of the Association 
Frederick the Great on Mathematics and Mathematicians. By FLORIAN 


Note on the Computation of Roots. By J: V. UspeNsky 

On an Application of Bouguer’s Theorem. By JAMES PIERPONT 

QUESTIONS AND Discussions: Discussions—“On the relative accuracy of 
Simpson’s rules and Weddle’s rule,” by J. B. ScarBorovucu; “The error 
in an approximate division of the circle,” by E. J. McSHANE 

UNDERGRADUATE MaTHEMATICcs CLuBs: Club topics—“1927 as a centennial 
year in the history of mathematics,” by W. C. EELLs 

RECENT PuBLicaTIONS: Reviews by G. C. Evans, J. F. Ritt, H. Betz, 
Davip EvGENE Smitu, Davip D. Lets. Articles in current periodicals. . 

PROBLEMS AND SOLUTIONS: Problems for solution—3244-3250. Solutions— 


3175, 3177, 3178 


Notes AND NEws 


DIRECTORY 
EDITORIAL CORRESPONDENCE should be addressed to the Epiror-1n-CuHIEr, 
W. H. Bussey, 106 Folwell Hall, University of Minnesota, Minneapolis, Minn. 
BOOKS FOR REVIEW should be sent to W. B. Carver, White Hall, Ithaca, N. Y. 


BUSINESS CORRESPONDENCE should be addressed to the SECRETARY-TREASURER 
of the Association, W. D. Cairns, Oberlin, Ohio. 


MEETINGS OF THE ASSOCIATION AND ITS SECTIONS 

Eleventh Summer Meeting of the Association, Madison, Wisconsin, September 6-7, 1927. 

Twelfth Annual Meeting, Nashville, Tenn., December, 1927. 

The following are dates of Section Meetings of the Association in 1927: 
ILLINOIS, Bloomington, Ill., May 13-14. Missourt, St. Louis, Mo., November 25-26. 
Inp1ANA, De Pauw University, April 29-30. NEBRASKA, Lincoln, May 14. 
Iowa, University of Iowa, May 6-7. 
Kansas, Topeka, Kan., February 5. 
Kentucky, Lexington, May 7. 


Shreveport, La., 
March 4-5. 


MARYLANp-District oF CoLuMBIA-VirGINIA, SOUTHEASTERN, March. 
College Park, Md., May 7. 


Ou10, Columbus, Ohio, April 8. 
PHILADELPHIA, Philadelphia, Pa., November. 


Rocky Mountain, Colorado College, April 7 
22-23. a 


SouTHERN CALIForNIA, Los Angeles, Calif. 
Micuican, April. March 12 and November 5. 4 


Minnesota, St. Peter, Minn., May 21. Texas, Not yet determined. 


AFFILIATED ORGANIZATION: THE NEw ENGLAND ASSOCIATION OF TEACHERS OF MATHEMATICS. ~ 
Secretaries of Sections will please report changes or corrections promptly to the Editor. 
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THE FALL MEETING OF THE SOUTHERN CALIFORNIA SECTION 


The fourth regular meeting of the Southern California Section of the 
Mathematical Association of America was held at Pomona College, Claremont, 
California, on Saturday, November 6, 1926, Professor H. C. Willett presiding. 

There were forty-seven present, including the following thirty-two members 
of the Association: 

O. W. Albert, E. E. Allen, L. D. Ames, M. A. Basoco, H. Bateman, G. E. 
Berry, W. N. Birchby, E. T. Bell, F. P. Brackett, P. H. Daus, H. H. Gaver, 
H. E. Glazier, E. R. Hedrick, H. C. Hicks, G. H. Hunt, G. James, M. N. Keith, 
G. R. Livingston, W. E. Mason, C. B. Millikan, B. Podolsky, W. P. Russell, 
G. E. F. Sherwood, H. M. Showman, M. Skarstedt, D. V. Steed, H. C. Van 
Buskirk, L. E. Wear, M. G. Whiting, H. C. Willett, Clyde Wolfe, E. R. 
Worthington. 

Professor Theodor von Karman, head of the aerodynamical laboratories at 
Aachen, Germany, who is visiting this country under the auspices of the 
“Daniel Guggenheim Fund for Promotion of Aeronautics”, was the guest for 
the day. 

The following papers were presented: 

1. “On the upper limit of the roots of an equation” by Professor GLENN 
James, University of California at Los Angeles. 

2. “A method of representing the aerodynamical characteristics of staggered 
biplanes’, by Professor H. BATEMAN, California Institute of Technology. 

3. “The arithmetic of logic”, by Professor E. T. Bett, California Institute 
of Technology. 

4. “A fundamental enumerative problem in hyperspace geometry” by 
Professor D. V. STEED, University of Southern California. 

5. “Theory of earth pressure” by Professor THEODOR VON KARMAN, 
University of Aachen. (By invitation). 

Abstracts of these papers are given below, the numbers corresponding to 
those in the list of titles. 

1. Professor James presented a method for determining an upper limit for 
the roots of an equation, which depended upon the evaluation of a formula by 
means of successive approximations. 

2. In connection with an experiment in a wind tunnel to find the effect of 
staggering the planes of a biplane, the following method of representing and 
compounding forces was used. A force was represented by a pair of points, 
whose distance apart was proportional to the magnitude of the force, and the 
points were images of each other with respect to the line of force. Two forces 


